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With the widespread acceptance of distributed mem-
ory multiprocessing as a cost-e�ective means of solv-
ing very highly resolved problems in computational 
uid
and structural mechanics, many engineers and scientists
are encouraged with their initial ports of CFD or CSM
codes for parallel execution, and are interested in learn-
ing whether applied mathematicians and computer sci-
entists have anything to o�er with the next step. This
note is both a cautious a�rmative and an attempt to
de�ne important roles that remain to be played by those
familiar with the applications, themselves. We provide
a high-level summary of the state of the art in domain
decomposition methods, and a selective bibliography.

DATA AND TASK PARALLELISM

Our scope is limited here to data parallelism, that is,
to the single program/multiple data (SPMD) approach
in which each processor is responsible for applying es-
sentially all of the operations to part of the data. This
paradigm can be applied at almost any granularity, from
a small collection of workstations on a network to tightly
coupled machines costing millions of dollars and com-
prising hundreds of processors on a custom intercon-
nect. Much can be said at an abstract level about the
data-parallel solution of PDE-based problems. Though
much of the future may lie under the complementary
paradigm of task parallelism, in which the processors
are programmed heterogeneously to apply part of the
operations to all or part of the data, coarse-grained task
parallelism is usually by nature problem-speci�c, so we

ag it here only in passing. It is clearly of importance in
multi-physics applications in which di�erent parts of the
domain are governed by di�erent models (e.g., aeroe-
lasticity, aeroacoustics, Navier-Stokes/Boltzmann) or in
which multiple phenomena addressed with very di�erent
algorithms are supported over a common domain. We
likewise pass over the �ne-scale task parallelism that
can be exploited automatically by compilers for proces-
sors with multiple functional units. Data parallelism
can be employed, and therefore discussed, in a way that
is nearly orthogonal to both of these outer and inner
forms of task parallelism.

IMPLICIT VS. EXPLICIT METHODS

It is commonly understood that, apart from problems
of partitioning the domain and mapping the resulting
subdomains onto processors, explicit methods are triv-

ially parallelizable, whereas implicit methods appear to
defy scalable parallelism. From a purely operational
point of view, either type of algorithm maps an input
vector into an output vector, generally through a se-
quence of intermediates, representing either an ordered
set of nodal values or a set of coe�cients for expres-
sion of a continuous function in terms of a given basis.
The vectors may represent the actual unknowns of inter-
est, or the successive corrections to those unknowns, or
the residuals based on the current values of unknowns.
The distinction between explicit and implicit methods
relevant to parallelism comes in quantifying the discrete
data dependencies | carrying both synchronization and
data transmission overheads | between the components
of successive vectors in the sequence. Thus, these tradi-
tional algorithmic classi�cations should be regarded not
as opposites, but as di�erent in degree.
We may de�ne an implicit method as a mapping in

which each component of the currently generated vector
may depend upon all components of the previous, and
an explicit method as a mapping in which each com-
ponent of the currently generated vector depends only
upon a small subset of the previous. While the partic-
ular sparsity structure of the matrix relating successive
vectors is an artifact of the ordering, explicit methods
have representations as stencil operations, with locally
synchronized nearest neighbor dependence, whereas im-
plicit methods are generally dense convolutions, imply-
ing globally synchronized all-to-all dependence. How-
ever, from the analogy between explicit time-stepping
on a parabolic problem and relaxation applied to the
corresponding steady elliptic problem, the inverse action
required by the implicit algorithm must be approach-
able by a polynomial of the explicit operator. With
this perspective, the distinction between explicit and
implicit is simply a matter of semantics: we could elect
to label multiple explicit steps as a single implicit step.
Their distinction becomes less arbitrary in the context
of an acceleration or multilevel process. Powerful im-
plicit methods wrap multiple levels or acceleration, or
both, around an inner method that has only local data
dependencies. Computing the coarse level corrections
or the parameters for the acceleration process generally
requires nonlocal communication, and thereby sets up
a trade-o� between the faster convergence of implicit
methods and their higher cost per iteration.



Explicit methods, whether they accurately represent
a system evolving in time or in iteration space, can read-
ily be solved in a data-parallel manner. Balancing load,
minimizing the number of neighbors (representing the
number of distinct messages to be handled in each iter-
ation), and minimizing the actual number of cut stencil
edges (representing the number of words to be commu-
nicated) when partitioning an unstructured grid are the
only challenges to practical explicit parallelism. These
somewhat con
icting objectives have been reasonably
well resolved by any of a variety of methods when the
processors are considered to be dedicated to the paral-
lel task, and when the partitioning itself is treated as a
static and serially performed computational task. (For
example, no fewer than seventeen papers on partitioning
were delivered at the Seventh SIAM Conference on Par-
allel Processing [1] in February 1995.) In the case of dy-
namically changing work per grid point or dynamically
changing processor availability, �nding a good reparti-
tioning strategy is still a matter for research. So is a
partitioning strategy that adapts to the numerical val-
ues of the coe�cients of the problem, rather than simple
connectivity and/or mesh geometry.
Implicit methods for problems with elliptic terms

seem challenging to parallelize from a data dependence
perspective since every component of the output de-
pends upon every input. Formally, the Green's function
is global in the continuous formulation, or the inverse
matrix is dense in the discrete formulation. The sav-
ing grace that permits the parallelization of implicitly
discretized problems is the rapid decay with geometrical
distance of the magnitude of the coupling between input
and output data. This decay means that data depen-
dencies arising between physically remote points can be
coarse-grained, and it motivates the multilevel precondi-
tioners discussed below. The key to implicit parallelism
is the exploitation of knowledge of the coe�cient mag-
nitudes to overcome enslavement to the formal all-to-all
communication requirements.

MEMORY IS NO LONGER \FLAT"

We have elsewhere [9] declared the parallel implicit
principle to be: \Think globally; act locally." It is in-
creasingly incumbent on computational scientists to re-
spect the data access hierarchies that accompany the
large memories required by applications programs. The
departure from a 
at memory model is imposed, ulti-
mately, by the �nite size of cache and local RAM stor-
age and by the �nite speed of light, but the presence
of boundaries in the space of program data is often as-
serted more immediately by the hardware and software
overheads of system protocols for its delivery. From the
frame of reference of any given processor, an approxi-
mate cost function can be constructed for the minimum
time required to access a memory element that is any
given logical or physical distance away. Such cost func-
tions can typically be approximated by plateaus sepa-
rated by sharp discontinuities that correspond to soft-
ware latencies where some boundary of the hierarchy,
such as a cache size or a local memory size, is crossed.

The ratio of times required to access remote and lo-
cal data varies from 10 to 105 in typical architectures,
the latter being characteristic of network cluster com-
puting. The fundamental justi�cation for focusing on
parallel algorithms (as distinct from parallel implemen-
tations of serial algorithms) is that these discontinuities
should be respected by user applications. If users can-
not a�ord to treat memory as \
at" in large problems,
then neither can they a�ord to treat all nonzero data
dependencies on an equal footing. Consequently, algo-
rithms must adapt to architecture, guided by knowledge
of the relative strengths of di�erent couplings from the
underlying physics. Ironically, such forced adaptation
sometimes results not in compromise, but in the dis-
covery of intrinsically better algorithms for 
at memory
environments, as well.
The parallel programming discipline of \acting lo-

cally" pays dividends both mathematically and archi-

tecturally when re
ected back to the serial environ-
ment. Because of the widening performance gulf be-
tween cache-conscious and cache-oblivious code on con-
temporary processors, algorithms whose data access
patterns are clustered can achieve up to an order of
magnitude better uniprocessor performance. Reports
abound of superlinear parallel speed-up on problems of
�xed size, in which the advantage of having the node
code �t within cache in the large-processor-number limit
overcomes the disadvantage in the same limit of more
internodal message tra�c per byte of total storage.

TWOAPPROACHES TO LOCALITY: SCHUR

AND SCHWARZ

Steady-state natural and human-engineered systems
are often zero-sum networks in which the overall distri-
bution of a quantity to be determined is conserved. The
conservation principle holds over any size control vol-
ume, from the smallest scales requiring resolution up to
the global domain. Somewhere between these extremes
are the scales at which the latencies of the memory hier-
archy are asserted. This suggests a multilevel discretiza-
tion of the conservation laws, with coarse-grained in-
teractions between \basins" of fast memory (\thinking
globally," but on a small problem) and with �ne-grained
interactions within them (\acting locally," on the scales
of the resolution required). Algorithms exploiting mul-
tilevel discretization have evolved naturally and some-
what independently in a variety of applications, both
continuous (e.g., conservation of energy in a conducting
body) and discrete (e.g., conservation of current in a
network of electronic components), but have a common
algebraic structure. There is a history of applying both
direct and iterative methods to such problems.
Direct methods involve the construction, by explicit

condensation, of lower-dimensional systems for degrees
of freedom that act as separators between substruc-
tures. In the literature of di�erential equations, this
is the Poincare-Steklov operator; in linear algebra, it is
the Schur complement or capacitance matrix. Przemie-
niecki [14] provided an early formalization in mechan-
ics, called \substructuring," and Kron [11] did the same



for electrical networks, coining the term \diakoptics"
(meaning \method of tearing"). Przemieniecki was sur-
prisingly prescient in writing \From past experiences
[. . . ], it is evident that some form of structural partition-
ing is usually necessary either because di�erent methods
of analysis are used on di�erent structural components
or because of the limitations imposed by the capacity
of digital computers. Even when the next generation
of faster and larger digital computers becomes a well-
established tool [. . . ], it seems rather doubtful, because
of the large number of unknowns, that the substructure
displacement method of analysis would be wholly super-
seded by an overall analysis carried out on the complete
structure." Because the Schur complement system itself
is expensive to construct, though its action on individ-
ual vectors is relatively inexpensive, conjugate gradient
iteration is preferred to direct Gaussian elimination, if
a good preconditioner can be derived.
The simplest iterative methods involve cycling be-

tween the subdomains, whose unknown boundary data
are updated through overlapping with neighbors. They
may generically be called Schwarz methods after Her-
mann Schwarz of complex analysis, who employed them
theoretically [16]. They were revisited in the age of com-
putation by Miller [13]. An equivalence can be demon-
strated between the Schur and Schwarz approaches, in
the sense that the Schwarz iterates are produced when
the subdomain interior solutions are reconstructed from
the Schur iterates on the separator. This equivalence
requires exact subdomain solves on each subdomain, a
price which is usually relaxed when Schwarz is used in
practice, in the interest of optimal complexity. As with
the Schur method, Schwarz is usually used inside a pre-
conditioned Krylov method. Schwarz and Schur meth-
ods can also be hybridized, as in Smith's wirebasket
method [17], which employs an overlapping Schwarz de-
composition of the set of separators (the so-called \wire-
basket") onto which the subdomain problems are �rst
condensed, as a preconditioner.
Both Schur and Schwarz are methods of divide-and-

conquer type for solving the PDE BVP, Lu = f in 
,
through solving a sequence of problems L0ku

0

k = f 0k in
subdomains 
k covering 
, and iteratively combining
the partial solutions u0k to form u. The two main ad-
vantages of divide-and-conquer are that the subdomain
problems are individually smaller than the original, and
they may also have simpler structure. The disadvantage
to be overcome is the new task of their combination.
Schur methods are based on a partitioning of the

grid by ordering the separator nodes last. Let the de-
grees of freedom associated with the separators be de-
noted uB and the unknowns associated with the sub-
structures thus created be denoted uI . This partition
induces a permutation of the discrete system Au = f ,
as follows:�

AI AIB

ABI AB

��
uI
uB

�
=

�
fI
fB

�
:

AI is block diagonal, with a block for each substructure.
Note that because the separator nodes correspond to a

physically lower dimensional operator, the algebraic di-
mension of AB is relatively small. The Schur comple-
ment S � AB � ABIA

�1

I AIB, arises formally from the
factorization:

A =

�
AI AIB

ABI AB

�
=

�
I 0

ABIA
�1

I I

��
AI 0
0 S

� �
I A�1

I AIB

0 I

�
:

Its signi�cance is that once SuB = f̂B � fB�ABIA
�1

I fI

is solved for uB, the block diagonal system AIuI = f̂I �
fI � AIBuB may be solved for uI .
Schwarz methods are a special case of \iterative

subspace correction methods" [18]. A general iterative
correction algorithm for Au = f proceeds as follows:

1. Compute the residual: rl = f �Aul;

2. Solve Ae = rl approximately for an estimate of
the error: ~e = B�1rl;

3. Update: ul+1 = ul + ~e.

An iterative subspace correction method accomplishes
the middle step above by:

2(a). Decomposing the space of the solution u: U =P
k
Uk;

2(b). Finding the restriction of A to each Uk: Ak =
RkAR

T
k , for some restriction operators Rk and

extension operators RT
k ;

2(c). Forming B�1 from the A�1

k , where the inverse
is well de�ned within the kth subspace.

Special cases include traditional Jacobi and Gauss-
Seidel, in which the \subspaces" correspond to the nodal
bases, multigrid, in which the subspaces have global
support and are hierarchically nested by wavenum-
ber, and Schwarz-style domain decomposition, which
are subdomain-blocked Jacobi or Gauss-Seidel methods
(with possibly overlapping blocks), possibly combined
with solutions on one or more coarse grids. For paral-
lelism, we will concentrate on the Jacobi-like (or \addi-
tive") form of Schwarz, wherein

B�1
�
X
k

RT
k ( ~Ak)

�1Rk ;

where ~Ak
�1

is a convenient approximation to Ak =
RkAR

T
k . Of course, we never actually assemble either A

or B�1 globally. Rather, when their action on a vector is
needed, a processor governing each subdomain executes
local operations, possibly after receiving a thin bu�er
of data required from its neighbors to complete stencil
operations on the boundary of the subdomain.
A mathematical signature of the data-parallel

Schwarz and Schur methods is a triple product of matrix
operators consisting of the inverse of a square operator
in the middle, with \rectangular" operators on either
side that map between spaces of di�erent dimensions.
A Schur complement contains such triple products in
which the middle term may be of higher dimension than



the terms of the sum, itself. Roughly speaking, such a
term is contributed for each subdomain adjacent to each
separator segment, and the net action of all such terms
on a vector de�ned over the wirebasket can be eval-
uated with subdomain-scale concurrency. A Schwarz
preconditioner contains such triple products in which
the middle term is of lower dimension than the terms of
the sum. Again, the net action of all such terms on a
vector de�ned over the total domain can be evaluated
with subdomain-scale concurrency. The best methods
include, in addition, a solution on a coarse grid (with
as little as one grid point per subdomain, or even less).
The coarse grid problem may be solved concurrently
with the subdomain problems or sequentially, and on
one processor, on a subset or processors, or redundantly
on all processors. A key aspect of domain decomposition
convergence theory is that, for many problem classes,
the number of iterations required by the Krylov method
(essentially, the number of times the preconditioned ac-
tion has to be evaluated) depends only weakly on the
granularity of the decomposition into subdomains. This
leaves the parallel granularity at the disposal of archi-
tectural considerations.

CONVERGENCE AND COMPLEXITY

To illustrate what is meant by \weak" convergence
dependence, and the prices that must be paid per itera-

tion to obtain it, we quote from the literature some stan-
dard bounds on the condition number of various pre-
conditioned Schwarz and Schur methods for the model
problem of the two-dimensional Laplacian on a square
grid with mesh size h(� 1) and subdomain size H(�
1;H � h). (Recall that when the conjugate gradient
method is applied to a problem with condition number
�, O(�1=2) iterations are required for a �xed residual
reduction ratio, so O(1) is optimal.)

Unpreconditioned

� = O
�
1=h2

�
Block-Jacobi (Additive Schwarz with no overlap)

� = O (1=Hh)

Additive Schwarz (no coarse grid, generous overlap)

� = O
�
1=H2

�
Additive Schwarz (coarse grid, modest overlap of �)

� = O (1 + (H=�))

Additive Schwarz (coarse grid, generous overlap)

� = O (1)

Bramble-Pasciak-Schatz (coarse grid, non-overlapped
wirebasket)

� = O
�
(1 + log(H=h))2

�
Smith Vertex-Space (coarse grid, overlapped wirebas-
ket)

� = O (1)

A simple argument for domain decomposition meth-
ods is as follows: Given a problem of size N(= 1=h2 in
the example above) and a solver with arithmetic com-
plexity c � N�, partition the problem into P (= 1=H2)
subproblems of size N=P . The complexity of apply-
ing the solver once to the entire set of subproblems is
P � c � (N=P )�. Even in serial, therefore, I = P��1 it-
erations can be a�orded to coordinate the solutions of
the subproblems, while breaking even. If � = 1, there
is no \headroom" for extra iterations in serial on the
basis of arithmetic complexity alone. However, there
may still be headroom even if � = 1 and: (1) the � = 1
method involves too much communication to parallelize
e�ciently, (2) a hierarchical or multiblock data struc-
ture is \natural" for modeling or implementation rea-
sons, or (3) memory limitations, cache thrashing, or I/O
costs demand decomposition anyway.
Given one of the order estimates above for the num-

ber of iterations, one can construct a cost function for
the total amount of arithmetic and the total amount
of data exchange between subdomain-oriented processes
that are required to bring a Krylov-Schwarz or Krylov-
Schur method to convergence for a decomposition of
given granularity. This complexity information can be
combined with a model of parallel computer architec-
ture and a mapping of subdomains to processors to esti-
mate the total running time (computation plus commu-
nication) of a parallel implementation, as a function of
the of the number of grid points and the total number
of processors. By taking the partial derivative of this
cost function with respect to the number of processors
and setting it to zero, one can derive an optimal order
processor granularity, Popt, and hence a optimal order
running time. For three-dimensional problems on a hy-
percube, it may be shown that Popt scales like 1=h

3, i.e.,
that a number of processors proportional to the num-
ber of grid points may be e�ectively used. This is for
zero-overlap, coarse-grid-free Schwarz preconditioning
and assumes that the subdomain problems are solved
exactly. However, it is known experimentally that the
subdomain problems may be solved inexpensively and
approximately, e.g., with calls to a local ILU subroutine
or with a local multigrid V-cycle, with small deteriora-
tion in convergence rate. This observation encourages
the employment of other favored global solvers as sub-
domain preconditioners, without any attempt to paral-
lelize the solvers themselves, which is generally di�cult.

PRESENT CHALLENGES

Theoretical and experimental results on Krylov-
Schwarz and Krylov-Schur methods have been reported
on extensively since 1987 in the proceedings of the
nearly annual International Conference on Domain De-
composition Methods for Partial Di�erential Equations
[3,4,6,7,8,10,15], together with applications and paral-
lel implementations. Browsers will �nd a considerable
breadth of topics investigated, including PDEs with
non-smooth coe�cients, PDEs with large �rst-order
terms, saddle-point systems, eigensystems, high order
discretizations (including spectral multidomain), non-



conforming discretizations, as well as the relationships
of domain decomposition to sparse direct methods and
to multigrid methods, tools for partitioning and par-
allel environments, and applications to many regimes
of structural mechanics, 
uid mechanics, electricity and
magnetism, and geophysics.
Domain decomposition methods have been extended

to nonlinear problems primarily through the Newton-
Krylov-Schwarz (NKS) paradigm, in which the method-
ologies for linear problems described above are used in-
side of a Newton iteration loop, usually in a matrix-free
manner. Tuning the inner iteration convergence tol-
erances to outer nonlinear convergence and to contin-
uation parameter progress is an active and important
research area, as is tuning preconditioner strength to
computer architecture and memory limits.
The crux of the matter in complex applications that

lie outside of the scope of existing convergence theory
is, not surprisingly, the preconditioning. Since retain-
ing all data dependencies in the preconditioner is ruled
out by communication complexity considerations, phys-
ical intuition must be employed to choose partitions and
preconditioners which preserve or approximate well the
strongest coupling, while sacri�cing or coarse-graining
the weakest. (Of course, all coupling, strong or weak, is
retained in the system actually being solved.) Knowl-
edge of asymptotics or approximate eigenmodes can
usually be put to advantage in preconditioning. In-
terdisciplinary, problem-speci�c collaborations between
applications experts, computer scientists, and applied
mathematicians are required to identify and capture in
some low-dimensional, low-complexity way the key de-
terrents to fast convergence, and to implement the best
algorithm for the architecture, with the ultimate met-
ric being accuracy per wall-clock time unit, subject to
memory constraints.
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