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Example of NKS on Aerodynamics Problem

Euler 
ow on a tetrahedral grid of 2,761,744 vertices, based on

KMeTiS-PETSc implementation of NASA code FUN3D run on

up to 3072 nodes of ASCI Red at 0.2{0.3 T
op/s
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h
�

J
u
�u

A
d
jo
in
t
S
te
p
(ap
p
roxim
ation
to
�rst
b
lockrow
):

J
Tx

�
+
=
�

g
x

In
each
overall
iteration
:

�
m
u
st
p
erform
low
ran
k
u
p
d
ate
on
Q
or
its
in
verse

�
m
u
st
solve
w
ith
J
x
an
d
J
Tx

N
u
m
b
er
of
overall
iteration
s
is
m
an
y.
S
in
ce
B
F
G
S
is
eq
u
ivalen
t
to
u
n
p
recon
d
ition
ed
C
G
for
q
u
ad
ratic

ob
jective
fu
n
ction
s,
O
(m
p)
seq
u
en
tial
cy
cles
(p
>
0,
p
�

12 )
m
ay
b
e
an
ticip
ated

H
en
ce,
R
S
Q
P
is
n
ot
scalab
le
in
th
e
n
u
m
b
er
of
d
esign
variab
les,
an
d
n
o
read
y
form
of
p
arallelism
can

ad
d
ress
th
is
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P
ro
p
o
se
d
F
u
ll
S
y
ste
m

A
p
p
ro
a
ch

�
C
onvention
al
R
S
Q
P
m
eth
od
s
ap
p
ly
a
(qu
asi-)N
ew
ton
m
eth
od

to
th
e
op
tim
ality
con
d
ition
s:

{
solvin
g
an
ap
p
roxim
ate
m
�
m

system
to
u
p
d
ate
u
,

{
u
p
d
atin
g
x
an
d
�
con
sistently
(to
elim
in
ate
th
em
),

{
iteratin
g

�
E
xact
lin
earized
an
alyses
for
u
p
d
ates
to
x
an
d
�
ap
p
ear
in
th
e

in
n
er
loop

�
C
on
sid
er
rep
lacin
g
th
e
exact
elim
in
ation
step
s
of
R
S
Q
P
w
ith

p
recon
d
ition
in
g
step
s
in
an
ou
ter
loop

�
E
arlier
p
rop
osed
in
th
is
or
closely
related
context
by
B
atterm
an

&
H
ein
ken
sch
loss
(1996),
B
iros
&
G
h
attas
(1998)

�
A
lgeb
raically
id
entical
to
h
an
d
lin
g
of
interface
con
straints
in

S
chu
r-com
p
lem
ent-b
ased
d
om
ain
d
ecom
p
osition
by
K
eyes
&

G
rop
p
(1987)
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F
u
ll
S
p
a
ce
L
a
g
ra
n
g
e
-N
K
S
M
e
th
o
d

A
p
p
ly
K
S
d
irectly
to
th
e
(2
n
+
m
)
�
(2
n
+
m
)
K
K
T
system
:

26666666664
W
x
x
W
Tux
J
Tx

W
u
x
W
u
u
J
Tu

J
x

J
u

0
37777777775 0BBBBBBBBB@

�
x

�
u

�
+

1CCCCCCCCCA
=
�

0BBBBBBBBB@
g
x

g
uh

1CCCCCCCCCA

�
N
eed
action
of
th
e
fu
ll
m
atrix
on
th
e
fu
ll
sp
ace
vector

�
N
eed
a
good
fu
ll
system
p
recon
d
ition
er,
for
algorith
m
ic
scala-

b
ility

�
O
n
e
N
ew
ton
S
Q
P
iteration
is
a
p
erfect
p
recon
d
ition
er
|
a
b
lock

factored
solver,
b
ased
on
form
in
g
th
e
red
u
ced
H
essian
of
th
e

L
agran
gian
H
,
b
u
t,
of
cou
rse,
far
too
exp
en
sive

�
B
ackin
g
o�
w
h
erever
th
in
gs
get
im
p
ractical
in
th
e
p
recon
d
i-

tion
er
gen
erates
a
fam
ily
of
m
eth
od
s
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E
x
a
m
p
le
o
f
P
a
ra
m
e
te
r
Id
e
n
ti�
ca
tio
n

in
R
a
d
ia
tio
n
T
ra
n
sp
o
rt

�
G
en
eral
govern
in
g
equ
ation

@
T@

t
=
r
�
(�
(x
)T
�
r
T
)

�
In
itial
con
d
ition
s:
im
p
u
lsive
b
ou
n
d
ary
h
eatin
g
for
T
(M
arsh
ak

w
ave)

�
U
se
1D
stead
y
exam
p
le
w
ith
ju
m
p
in
m
aterial
p
rop
erties

�
C
ost
fu
n
ction
is
sim
p
le
tem
p
eratu
re
m
atch
in
g
b
ased
on
a
given

�
,
�
(x
)
p
ro�le,
�T
:
c(u
;x
)
=
12 jjT
(x
)
�
�T
(x
)jj 2,
w
h
ere

{
\B
risk-S
p
itzer"
�
=
2
:5;

{
�
(x
)
=
1
;0
�
x
�
0
:5;
�
(x
)
=
10
;0
:5
<
x
�
1
:0

{
m
ore
gen
erally,
�T
(x
)
is
a
d
esired
or
exp
erim
ental
p
ro�
le
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Im
p
le
m
e
n
ta
tio
n
in
M
a
tla
b
a
n
d
A
D
M
A
T

�
A
D
M
A
T
(V
erm
a
&
C
olem
an
)
is
an
au
tom
atic
d
i�
erentiation

fram
ew
ork
for
M
atlab
,
b
ased
on
op
erator
overload
in
g

�
A
fter
su
p
p
lyin
g
an
m
-�le
for
th
e
cost
fu
n
ction
an
d
con
straint

fu
n
ction
s,
all
grad
ients
an
d
Jacob
ian
s
an
d
H
essian
s
(as
w
ell

as
th
eir
tran
sp
oses
an
d
th
eir
contracted
action
on
vectors)
are

com
p
u
ted
w
ith
ou
t
fu
rth
er
u
ser
e�
ort

�
P
recon
d
ition
er
is
R
S
Q
P
b
lock
factorization
,excep
t
th
at
red
u
ced

H
essian
is
rep
laced
w
ith
cost
fu
n
ction
H
essian
alon
e,
sp
arin
g

sen
sitivity
com
p
u
tation
s
in
a
p
recon
d
ition
er

�
R
ed
u
ced
H
essian
sh
ou
ld
b
e
rep
laced
w
ith
qu
asi-N
ew
ton
red
u
ced

H
essian
in
th
e
fu
tu
re

�
S
im
p
le
N
ew
ton
m
eth
od
w
ith
ou
t
rob
u
sti�cation
of
any
kin
d
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L
N
K
S
fo
r
R
a
d
ia
tio
n
D
i�
u
sio
n
E
x
a
m
p
le

T
(x
)
at
in
itial
(green
)
an
d
�
n
al
(b
lu
e)
(�
;�
R
)

in
itially
(0
:5
;1
:5)

in
itially
(0
:5
;12)

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

0
0.1

0.2
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0.5

0.6
0.7

0.8
0.9

1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

in
itially
(2
:8
;8)

in
itially
(2
:9
;15)

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1
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L
N
K
S
C
o
n
v
e
rg
e
n
ce
H
isto
ry

(�
;�
R
)
tra
jectories
from
fou
r

K
K
T
N
orm
C
onvergen
ce
H
istory

cases
(all
convergin
g
to
(2:5;10))

for
th
e
case
(0:5;1:5)

0
0.5

1
1.5

2
2.5

3
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A
lpha
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1
2

3
4

5
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−
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−
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−
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−
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−
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P
re
co
n
d
itio
n
in
g
th
e
F
u
ll
S
y
ste
m

T
h
e
sh
op
p
in
g
list
of
m
atrix
action
s
in
p
recon
d
ition
in
g
is:

�
W
x
x
;W
u
u
;W
u
x ,
an
d
W
Tux

�
J
u
an
d
J
Tu

�
J
�

1
x

an
d
J
�

T
x

�
H
�

1

T
h
e
�rst
six
(togeth
er
w
ith
J
x
an
d
J
Tx
)
are
also
n
eed
ed
in
th
e
fu
ll

system
m
atrix-vector
m
u
ltip
ly.
W
e
requ
ire
\w
orkin
g
accu
racy"

com
p
arab
le
to
th
e
state
of
th
e
art
in
nu
m
erical
d
i�
erentiation
.

T
h
e
accu
rate
action
of
th
e
last
th
ree
is
requ
ired
in
R
S
Q
P
,
b
u
t
n
ot

in
th
e
fu
ll
system
p
recon
d
ition
er.
W
e
u
se
ap
p
roxim
ate
factoriza-

tion
s
of
low
er
qu
ality
ap
p
roxim
ation
s,in
clu
d
in
g
p
ossib
ly
ju
st
W
u
u

for
H
,
or
a
trad
ition
alqu
asi-N
ew
ton
ran
k-u
p
d
ated
ap
p
roxim
ation

to
th
e
inverse.
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J
a
co
b
ia
n
a
n
d
H
e
ssia
n
A
rith
m
e
tic
C
o
m
p
le
x
ity

W
e
estim
ate
th
e
com
p
lex
ity
of
ap
p
ly
in
g
each
Jacob
ian
b
lo
ck
to
a
vector,
assu
m
in
g
on
ly
th
at
h
(x
;u
)
is

availab
le
in
su
b
rou
tin
e
form
an
d
th
at
all
d
i�
eren
tiated
b
lo
ck
s
are
from
A
D
to
ols,
su
ch
as
A
D
IC
.
W
e

estim
ate
th
e
com
p
lex
ity
of
ap
p
ly
in
g
each
H
essian
b
lo
ck
to
a
vector.
A
ssu
m
e
th
at
h
(x
;u
)
an
d
c(x
;u
)

are
availab
le
an
d
th
at
all
d
i�
eren
tiated
b
lo
ck
s
are
resu
lts
of
A
D
to
ols.
W
e
assu
m
e
th
at
J
x

is
n
eed
ed
,

elem
en
t-b
y
-elem
en
t,
in
ord
er
to
factor
it;
h
en
ce,
J
Tx

is
also
availab
le.
D
e�
n
e:

�
C
h ,
th
e
cost
of
evalu
atin
g
h

�
p
x ,
1
+
th
e
ch
rom
atic
n
u
m
b
er
of
J
x
�

h
;x

�
p
u ,
1
+
th
e
ch
rom
atic
n
u
m
b
er
of
J
u
�

h
;u

�
C
c ,
th
e
cost
of
evalu
atin
g
c

�
q,
1
+
n
u
m
b
er
of
n
on
zero
row
s
in
c
0
0

�
r,
im
p
lem
en
tation
-d
ep
en
d
en
t
con
stan
t,
ap
p
rox
.
3{50

O
b
ject

C
ost:
forw
ard
m
od
e
C
ost:
fastest
(hyb
rid
)
m
od
e

J
x ;J
Tx

p
x C
h

p
x C
h

J
u v

2C
h

2C
h

J
Tu
v

p
u C
h

rC
h

W
x
x v
;W
Tu

x v

p
x C
h
+
qC
c

r(C
h
+
C
c )

W
u
u v
;W
u
x v

p
u C
h
+
qC
c

r(C
h
+
C
c )
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O
v
e
ra
ll
A
rith
m
e
tic
C
o
m
p
le
x
ity

F
or
th
e
inverse
b
locks,
w
e
n
eed
on
ly
low
qu
ality
ap
p
roxim
ation
s,

an
d
low
-�ll
(or
low
-ran
k
correction
inverse
u
p
d
ates)
of
th
e
squ
are

system
s:

�
J
�

1
x

an
d
J
�

T
x

�
H
�

1

C
om
p
lexity
is
on
ly
lin
ear
in
su
b
system
d
im
en
sion
s
n
an
d
m
.
S
u
m
-

m
arizin
g,
all
op
eration
s
requ
ired
to
ap
p
ly
th
e
fu
ll
system
m
atrix-

vector
p
rod
u
ct
an
d
its
p
recon
d
ition
er
are
at
w
orst
lin
ear
in
n
or

m
,
w
ith
coe�
cients
th
at
d
ep
en
d
u
p
on
:

�
ch
rom
atic
nu
m
b
ers
(a�
ected
by
sten
cil
con
n
ectivity
an
d
inter-

com
p
on
ent
cou
p
lin
g
of
th
e
P
D
E
,
an
d
by
sep
arab
ility
stru
ctu
re

of
th
e
ob
jective
fu
n
ction
)

�
im
p
lem
entation
e�
cien
cy
of
A
D
tools
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L
a
g
ra
n
g
e
-N
e
w
to
n
-K
ry
lo
v
-S
ch
u
r-S
ch
w
a
rz:

A
P
a
ra
lle
l
O
p
tim
ize
r
fo
r
B
V
P
-co
n
stra
in
e
d
P
ro
b
le
m
s

L
a
g
ra
n
g
e

op
tim
ization

form
u
lation

N
e
w
to
n

n
on
lin
ear

accelerator

K
ry
lo
v

lin
ear

accelerator

S
ch
u
r

su
b
sp
ace

p
recon
d
ition
er

S
ch
w
a
rz

su
b
d
om
ain

p
recon
d
ition
er
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R
e
m
a
rk
s
o
n
F
u
ll
S
p
a
ce
L
a
g
ra
n
g
e
-N
e
w
to
n
M
e
th
o
d

�

A
s
w
ith
any
N
ew
ton
m
eth
od
,
glob
alization
strategies
are
im
p
ortant:

{
p
aram
eter
continu
ation
(p
hysical
an
d
algorith
m
ic)

{
m
esh
sequ
en
cin
g
an
d
m
u
ltileveliteration
(for
th
e
P
D
E
su
b
system
,at
least;

p
rob
ab
ly
controls,
too)

{
d
iscretization
ord
er
p
rogression

{
m
od
el
�d
elity
p
rogression

�

K
K
T
system
is
a
p
recon
d
ition
in
g
ch
allen
ge,
b
u
t
an
exact
factored
p
recon
-

d
ition
er
is
kn
ow
n
,
an
d
d
ep
artu
res
of
p
recon
d
ition
ed
eigenvalu
es
from
u
n
ity

can
b
e
qu
anti�ed
w
ith
com
p
arison
s
of
origin
al
b
locks
w
ith
b
lockw
ise
su
b
sti-

tu
tion
s
in
in
exact
m
od
els
an
d
solves
(see,
e.g.,
E
.
S
ach
s
et
al.)

�

O
rd
ers
of
m
agn
itu
d
e
of
savin
gs
m
ay
b
e
availab
le
by
convergin
g
th
e
state

variab
les
an
d
th
e
d
esign
variab
les
w
ith
in
th
e
sam
e
ou
ter
iterative
p
rocess,

rath
er
th
an
a
convention
alS
Q
P
p
rocess
th
at
exactly
satis�es
th
e
\au
xiliary"

state
con
straints

�

W
ith
th
e
extra
w
ork
of
form
in
g
Jacob
ian
tran
sp
oses
an
d
H
essian
b
locks,
b
u
t

n
o
extra
w
ork
in
Jacob
ian
p
recon
d
ition
in
g,
any
p
arallel
an
alysis
cod
e
m
ay

b
e
converted
into
a
(lim
ited
)
p
arallel
op
tim
ization
cod
e
|

an
d
au
tom
atic

d
i�
erentiation
tools
w
ill
sh
ortly
m
ake
th
is
relatively
p
ain
less
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F
u
tu
re
P
ro
sp
e
cts

�
In
creased
p
en
etration
of
ob
ject-oriented
cod
in
g
p
ractices
w
ill

m
ake
it
easier
to
reu
se
su
b
sp
ace
solvers
as
p
recon
d
ition
ers
in
a

tightly-cou
p
led
N
ew
ton
p
rocess.

�
A
u
tom
atic
d
i�
erentiation
tools
w
illrem
ove
th
e
b
u
rd
en
ofcod
in
g

th
e
K
K
T
b
locks
th
at
are
\m
issin
g"
from
a
p
arallelsolver,as
w
ell

as
som
e
th
at
n
ow
requ
ire
h
an
d
cod
in
g
for
th
e
solver.

�
M
ath
em
atical
ch
allen
ges
an
d
p
ractical
im
p
ortan
ce
w
ill
attract

m
ore
nu
m
erical
an
alysts
to
th
e
p
recon
d
ition
in
g
an
d
glob
aliza-

tion
p
rob
lem
s
of
large-scale
P
D
E
-con
strain
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