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ABSTRACT

Keywords

Traditional co-clustering methods identify block structures
from static data matrices. However, the data matrices in
many applications are dynamic; that is, they evolve smoothly
over time. Consequently, the hidden block structures embedded into the matrices are also expected to vary smoothly
along the temporal dimension. It is therefore desirable to encourage smoothness between the block structures identiﬁed
from temporally adjacent data matrices. In this paper, we
propose an evolutionary co-clustering formulation for identifying co-cluster structures from time-varying data. The
proposed formulation encourages smoothness between temporally adjacent blocks by employing the fused Lasso type of
regularization. Our formulation is very ﬂexible and allows
for imposing smoothness constraints over only one dimension of the data matrices, thereby enabling its applicability
to a large variety of settings. The optimization problem for
the proposed formulation is non-convex, non-smooth, and
non-separable. We develop an iterative procedure to compute the solution. Each step of the iterative procedure involves a convex, but non-smooth and non-separable problem. We propose to solve this problem in its dual form,
which is convex and smooth. This leads to a simple gradient descent algorithm for computing the dual optimal solution. We evaluate the proposed formulation using the Allen
Developing Mouse Brain Atlas data. Results show that our
formulation consistently outperforms methods without the
temporal smoothness constraints.
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1. INTRODUCTION
Clustering is one of the major techniques for unsupervised
discovery of hidden structures from complex data sets. Common clustering methods include the K-means algorithm, the
spectral methods, and the hierarchical clustering techniques.
These approaches treat the two dimensions of the data matrix as instances and features, respectively, and group the
instances into clusters based on all the features. When the
data matrix is re-ordered according to the clustering results,
the re-ordered matrix usually assumes a banded structure
along the instance dimension, since instances in the same
cluster are assumed to be similar, while those in diﬀerent
cluster are assumed to be dissimilar.
The classical clustering paradigm assumes that all the features are equally relevant to all instances. In many applications, certain group of instances are only similar to each
other with respect to a subset of features. That is, the hidden structure of the data matrix can be more accurately
described by a “checkerboard” structure in which a subset
of the rows and a subset of the columns form a block. Coclustering, also known as bi-clustering, aims at identifying
the block structures of the data matrix by clustering the
rows and columns of the data matrix simultaneously into
co-clusters [17, 6, 9, 10, 28]. Currently, co-clustering ﬁnds
applications in many areas, including biological data analysis [25, 20], text mining [10, 9], and social studies [14].
As a class of powerful methods for unsupervised pattern
mining, existing co-clustering methods invariably assume
that the data matrices are static; that is, they do not evolve
over time. However, in many real-world domains, the processes that generated the data are time-evolving. Hence,
the observed data are usually dynamic. As a consequence,
the block structures embedded into the time-varying data
should also evolve smoothly over time. Therefore, it is desirable to incorporate the temporal smoothness constraint
into the co-clustering formalism.
In this paper, we propose an evolutionary co-clustering
formulation for identifying co-clusters from time-varying data.
The proposed formulation employs sparsity-inducing regularization [29] to identify block structures from the timevarying data matrices. Meanwhile, it applies fused Lasso
type of regularization [30] to encourage temporal smoothness over the block structures identiﬁed from contiguous
time points. The proposed formulation is very ﬂexible and

can be applied to encourage temporal smoothness over either
one or both dimensions of the data matrices. The optimization problem for the proposed formulation is non-convex,
non-smooth, and non-separable. We propose an iterative
procedure to compute the solution, and each of the iterative
step involves a convex, but non-smooth and non-separable
problem. To enable eﬃcient optimization, we derive the
dual form of this problem and employ a gradient descent
algorithm to solve the smooth dual problem. We evaluate
the proposed formulation using the Allen Developing Mouse
Brain Atlas data [22, 19]. Results show that the proposed
method consistently outperforms other methods by identifying blocks that are consistent with classical neuroanatomy.
The rest of this paper is organized as follows: We introduce the sparse singular value decomposition method for
co-clustering in Section 2. In Section 3, we describe the proposed evolutionary co-clustering formulation. We discuss
related work in Section 4 and report the experimental evaluation in Section 5. This paper concludes with conclusions
and future work in Section 6.
Notations: We use boldface lower-case letters, e.g., u, to
denote vectors and upper-case letters, e.g., A, to denote matrices. en denotes a vector of all ones of length n. For a
vector u, its 1 -norm, deﬁned as the summation of the absolute values of its components, is denoted as u1 . For
a matrix A, its Frobenius norm is denoted as AF . 
denotes component-wise multiplication, and ⊗ denotes the
Kronecker product. The soft-thresholding operator Tλ , acting on a vector x, is deﬁned component-wise as:
⎧
⎪
⎨xi − λ if xi > λ
(Tλ (x))i = xi + λ if xi < −λ
(1)
⎪
⎩0
if |xi | ≤ λ.

2.

SPARSE SINGULAR VALUE DECOMPOSITION FOR CO-CLUSTERING

The problem of co-clustering is closely related to the singular value decomposition (SVD) of the data matrices [9,
36, 21]. In [9, 36], the spectral clustering formalism is extended to derive a spectral formulation for co-clustering. In
these spectral co-clustering formulations, the data are projected onto the left and the right singular vector spaces before they are concatenated and clustered to identify the coclusters. Motivated by the relationship between SVD and
co-clustering, a sparse SVD formulation is proposed in [21]
for co-clustering. Formally, let B ∈ Rm×n be a data matrix.
The ﬁrst singular value and the corresponding left and right
singular vectors of B can be computed as
min B − spqT 2F ,

s,p,q

(2)

where s ∈ R is the ﬁrst singular value, and p ∈ Rm and
q ∈ Rn are the corresponding left and right singular vectors,
respectively, and  · F denotes the matrix Frobenius norm.
It is well known that the matrix spqT is the optimal rank
one approximation to the matrix B [12]. Note that p and
q lie in the row space and column space, respectively, of B.
In addition, the singular vectors p and q are usually not
sparse; that is, most of their components are nonzero.
Motivated by the optimal rank one approximation property of the SVD, a sparse SVD formulation is proposed
in [21]. Furthermore, it is shown that this sparse SVD formulation can be employed for solving co-clustering problems.

Speciﬁcally, the following sparsity-inducing formulation is
involved in sparse SVD:
min

s,p,q

1
B − spqT 2F + λsp1 + γsq1 ,
2

(3)

where  ·  denotes the vector 1 -norm, and λ and γ are the
regularization parameters. It is well known that the 1 -norm
regularization on p and q encourages sparse solutions [29].
Thus, when λ and γ are set to large values, many entries of
p and q will be set of zero. The regularization parameters
λ and γ control the tradeoﬀ between the quality of the rank
one approximation and the sparsity of p and q, respectively.
It is shown in [21] that the sparse SVD formulation can
be readily employed to solve co-clustering problems. Specifically, the rows and columns of B corresponding to nonzero
entries of p and q, respectively, can be naturally interpreted
to form a co-cluster. If multiple co-clusters are desired, subsequent co-clusters can be identiﬁed by removing the rank
one approximation from the data matrix and solving the
optimization problem in Eq. (3) using the residual matrix.
It is shown that this sparse SVD method outperforms prior
co-clustering methods by identifying distinctive gene expression proﬁles corresponding to various pathological conditions
from a microarray gene expression data set.
The optimization problem in Eq. (3) is non-convex and
non-smooth. An iterative procedure has been developed
in [21] to compute the solution. In this procedure, one of the
vector variables is ﬁxed while the other one is optimized, and
this process is alternated between the two vector variables
until it converges to a locally optimal solution. Speciﬁcally,
when p is ﬁxed, q can be computed by solving
min F (q̃) ≡
q̃

1
B − pq̃T 2F + γq̃1 ,
2

(4)

where q̃ = sq. After q̃ is obtained, we have s = q̃ and
q = q̃/s. Similarly, when q is ﬁxed, the following problem
is involved:
1
min G(p̃) ≡ B − p̃qT 2F + λp̃1 ,
(5)
p̃
2
and p = p̃/s where s = p̃. It can be shown that the
problems in Eqs. (4) and (5) are convex and can be solved
analytically.
The objective function in Eq. (4) can be written as
1
B − pq̃T 2F + γq̃1
2
1
1
Tr (B T B) − pT B q̃ + q̃T q̃ + γq̃1 . (6)
=
2
2
Taking the subdiﬀerential of Eq. (6) with respect to q̃, we
have
F (q̃) =

∂F (q̃) = −B T p + q̃ + γ SGN(q̃),
where SGN(·) is deﬁned component-wise as
⎧
⎪
if (q̃)i > 0
⎨{1}
(SGN(q̃))i = {−1}
if (q̃)i < 0
⎪
⎩[−1, 1] if (q̃) = 0.
i

(7)

(8)

Note that the subdiﬀerential of a function is a set, and when
the function is diﬀerentiable, the set is a singleton containing
the derivative [27]. It follows from the optimality condition
for unconstrained problems [27] that q̃∗ is an optimal solution to Eq. (4) if and only if 0 ∈ ∂F (q̃∗ ). Hence, it can be
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Figure 1:
Illustration of the evolutionary coclustering problem.

2

i=1

Ai − si ui viT 2F + λsi ui 1 + γsi vi 1



where ui ∈ Rm and vi ∈ Rn are associated with the rows
and columns, respectively, of Ai , and si is the corresponding
singular value. However, this approach decouples the data
matrices for contiguous time points and ignores the temporal
evolving nature of the underlying process that generated the
data matrices.

3.1 The Proposed Formulation
To incorporate the temporal smoothness constraints into
the co-clustering framework, we propose the following sparsityinducing evolutionary co-clustering formulation:

∗

easily veriﬁed that the optimal q̃ is given by
⎧
T
T
⎪
⎨(B p − γ)i if (B p)i > γ
∗
T
(q̃ )i = (B p + γ)i if (B T p)i < −γ
⎪
⎩0
if |(B T p)i | ≤ γ.

(9)

∗

Similarly, the optimal p̃ for the optimization problem in
Eq. (5) is given by
⎧
⎪
⎨(Bq − λ)i if (Bq)i > λ
(p̃∗ )i = (Bq + λ)i if (Bq)i < −λ
(10)
⎪
⎩0
if |(Bq)i | ≤ λ.
The iterative procedure in [21] applies Eqs. (9) and (10)
alternately until a locally optimal solution is reached.

3.

EVOLUTIONARY CO-CLUSTERING

In the traditional co-clustering framework [17, 6, 9, 20,
28, 25], we assume that the data matrix is time-invariant;
that is, it does not evolve along the temporal dimension. In
many application domains, each data matrix is usually associated with a particular time point, and it evolves smoothly
over time as shown in Figure 1. For example, in the developing mouse brain gene expression analysis, the spatial gene
expression patterns at a particular developing time point is
captured by a data matrix in which one dimension corresponds to the genes and the other dimension corresponds
to the spatial locations. Since gene regulation acts sequentially, the expression patterns usually evolves smoothly over
time, thereby resulting a series of time-stamped data matrices, one for each sampled developing time point. A simple
approach for mining these time-evolving data matrices is to
treat the data matrices at diﬀerent time points separately.
This approach, however, ignores the time-dependent nature
of the underlying process, thereby yielding results that are
not amenable to domain interpretation. In this paper, we
propose an evolutionary co-clustering formulation for uncovering patterns from time-evolving data matrices. The proposed formulation encourages smooth changes in the row
and/or column patterns over time, thereby capturing the
time-evolving nature of the underlying process faithfully.
The proposed framework is very ﬂexible and can be applied
to applications in which only one dimension of the data matrices evolves.
Given a set of time-evolving data matrices Ai ∈ Rm×n for
i = 1, · · · , t, where t is the number of sampled time points,
we are interested in identifying block structures from each
of the data matrices. A simple approach is to compute the
sparse SVD for each data matrix separately, leading to the

min

si ,ui ,vi

t 

1

2

i=1

+

t−1



Ai − si ui viT 2F + λsi ui 1 + γsi vi 1 (11)

{ηsi+1 ui+1 − si ui 1 + ξsi+1 vi+1 − si vi 1 } ,

i=1

where η and ξ and tunable parameters. In this formulation, the last two regularization terms are fused Lasso type
of regularization [30], and they encourage the ui and vi for
contiguous time points to be similar. Speciﬁcally, these regularization terms encourage the diﬀerences of contiguous ui
and vi to be zero, thus enforcing many entries of contiguous
ui and vi to be identical. These fused Lasso type of regularization naturally incorporates the time-evolving nature
of the data matrices by encouraging the block structures
for contiguous time points to be similar. Note that we can
also encourage only the rows or the columns of the block
structures to be similar by setting either ξ or η to zero.
The objective function in Eq. (11) can be expressed equivalently as
t

1
Ai − si ui viT 2F + λũ1 + γṽ1 + ηE ũ1 + ξF ṽ1 ,
2
i=1

where ũ = (s⊗em )u, s = [s1 , s2 , · · · , st ]T , ṽ = (s⊗en )v,
u = [uT1 , uT2 , · · · , uTt ]T ∈ Rmt , v = [v1T , v2T , · · · , vtT ]T ∈
Rnt , E ∈ Rm(t−1)×mt and F ∈ Rn(t−1)×nt are deﬁned as
⎧
⎪
⎨−1 if j = i, i = 1, · · · , m(t − 1)
(E)ij = 1
(12)
j = i + m, i = 1, · · · , m(t − 1)
⎪
⎩0
otherwise,

(F )ij

⎧
⎪
⎨−1
= 1
⎪
⎩0

if j = i, i = 1, · · · , n(t − 1)
j = i + n, i = 1, · · · , n(t − 1)
otherwise.

(13)

The objective function in Eq. (11) is non-convex and nonsmooth. In addition, the fused Lasso regularization terms
are non-separable [33, 13]. We propose an iterative procedure to compute u and v. Speciﬁcally, we optimize u by
ﬁxing v and then optimize v by ﬁxing u. This iterative
process is repeated until convergence. In the following, we
discuss the detailed procedure of computing v when u are
ﬁxed. The other case can be derived in a similar way. Specifically, when u are ﬁxed, ṽ can be computed by solving the

following optimization problem:

The objective function in Eq. (14) is convex, but non-smooth
and non-separable. In the following, we develop an eﬃcient
algorithm to compute the optimal ṽ∗ .

Theorem 3.1 shows that we can solve the optimization
problem in two sequential steps. Speciﬁcally, we can ﬁrst
solve the problem in Eq. (14) with γ = 0 to obtain the
intermediate solution πξ0 (u). Then the ﬁnal optimal solution
πξγ (u) can be obtained by applying the soft thresholding
operator to the intermediate solution as in Eq. (16). We
now discuss how the γ = 0 case can be solved eﬃciently in
its dual form.

3.2 A Two-Step Procedure

3.3 The Dual Formulation

A central challenge for solving the optimization problem
in Eq. (14) is the 1 -norm and the fused Lasso regularization terms, which are non-smooth and non-separable. A key
property that leads to an eﬃcient algorithm to this problem
is that the 1 -norm term and the fused Lasso term can be
solved sequentially in two steps, giving rise to a two-step
procedure. This result is originally given in [13, 24] and is
summarized in the following theorem:

A key to the two-step procedure in Section 3.2 is to solve
the optimization problem in Eq. (17), which can be rewritten
in its full form as

min fξγ (ṽ) ≡
ṽ

t

1
i=1

2

Ai − ui ṽiT 2F + γṽ1 + ξF ṽ1 . (14)

Theorem 3.1. Define
πξγ (u) = arg min fξγ (ṽ).
ṽ

πξ0 (u) = arg min fξ (ṽ),

(16)
(17)

where
t

1
Ai − ui ṽiT 2F + ξF ṽ1 .
2
i=1

The subdiﬀerentials of

(18)

and fξ (ṽ) can be computed as

∂fξγ (ṽ)

= ṽ − A u + γ SGN(ṽ) + ξF SGN(F ṽ), (19)

∂fξ (ṽ)

= ṽ − AT u + ξF T SGN(F ṽ),

where

T

⎛
A1
⎜
⎜
A=⎜
⎝
0

T

0
A2
..

.

(20)

⎞
⎟
⎟
mt×nt
.
⎟∈R
⎠

(21)

At

It follows from the optimality condition for unconstrained
problems [27] that
0 ∈ ∂fξ πξ0 (u) .
Hence, there exists
y∗ ∈ ξ SGN(F πξ0 (u))

(22)

such that πξ0 (u) = AT u − F T y∗ . Deﬁne
a

= Tγ (πξ0 (u)),

b

= sgn(πξ0 (u))  min(|πξ0 (u)|, γ),

where sgn(x) is deﬁned component-wise as (sgn(x))i = 1 if
xi > 0, (sgn(x))i = −1 if xi < 0, and 0 otherwise. It can be
veriﬁed that a − AT u + b + F T y∗ = 0 and b ∈ γ SGN(a). It
follows from the deﬁnition of a, the fact that each row of F
consisting of two nonzero elements 1 and −1, and Eq. (22)
that y∗ ∈ ξ SGN(F a). Therefore, we have
0 = a − AT u + b + F T y∗ ∈ ∂fξγ (a).
This completes the proof of this theorem.

t

1
Ai − ui ṽiT 2F + ξF ṽ1 .
2
i=1

(23)

We propose to solve this problem in its dual form. To this
end, we introduce the dual variable
T
w = [w1T , w2T , · · · , wt−1
]T ∈ Rn(t−1)

and obtain the following equivalent min-max problem:

πξγ (u) = Tγ πξ0 (u) .
Proof. We consider the case when γ = 0:

fξγ (ṽ)

ṽ

(15)

Then for any γ, ξ ≥ 0, we have

fξ (ṽ) ≡ fξ0 (ṽ) =

min fξ (ṽ) ≡

min max φ(ṽ, w) ≡
ṽ

w∞ ≤ξ

t

1
i=1

2

Ai − ui ṽiT 2F + F ṽ, w . (24)

The existence of the saddle point to this min-max problem is
guaranteed by the Von Neumann Lemma [26], because φ(·, ·)
is diﬀerentiable, convex in ṽ, and concave in w. Exchanging
the min and max and setting the derivative of φ(ṽ, w) with
respect to ṽ to zero, we obtain
ṽ = AT u − F T w.

(25)

Substituting Eq. (25) into Eq. (24), we obtain the following
dual problem:


1
min ψ(w) ≡ F T w2 − AT u, F T w − c, (26)
w:w∞ ≤ξ
2
t
1
where c = 2 i=1 Tr (Ai − ui uTi Ai )(Ai − ui uTi Ai )T . Note
that we have changed max to min in Eq. (26) by negating
the objective function for ease of presentation. The dual
formulation in Eq. (26) is convex and smooth. Hence, it can
be solved by gradient descent algorithms.

3.4 A Gradient Descent Algorithm
The dual problem in Eq. (26) is a constrained quadratic
program (QP) and can be solved by general QP solvers.
However, direct application of general QP solvers would ignore the special structure of this problem, incurring excessive computational cost. In this paper, we propose to solve
this dual formulation by a gradient descent algorithm, since
the objective function is diﬀerentiable. Note that the Hessian of ψ(w) is a n(t − 1) × n(t − 1) matrix and can be express as
(n−1) 0s


2 ···
⎜ ..
⎜ .
2
⎜
⎜
..
⎜
.
⎜−1
=⎜
⎜ ..
⎜ .
−1
⎜
⎜ .
..
.
⎝ .
.
0
0
⎛

FFT

−1

···

···

···
..
.
..
.
..
.
···

−1

···
..
.

···
..
.
..
.
−1

···
..
.
···

0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟.
⎟
−1⎟
⎟
.. ⎟
. ⎠
0
..
.

2

(27)

Since F is a full rank matrix, the Hessian matrix F F T is
positive deﬁnite. Thus a unique solution exists for the optimization problem in Eq. (26).
In this gradient descent algorithm, we have the following
iterative update in each iteration:


1
(28)
gk ,
wk+1 = P·∞ ≤ξ wk −
λmax

be identical. We show that such a ξ max can be computed via
solving a linear system of equations. To this end, we need to
state the optimality condition for the problem in Eq. (26).
It follows from the optimality condition for constrained
problems [27] that w∗ (w∗ ∞ ≤ ξ) is a minimizer of Eq. (26)
if and only if

  ∗
(35)
ψ (w ), w − w∗ ≥ 0, ∀ w : w∞ ≤ ξ.

where gk = ψ  (wk ) = F F T wk − F AT u is the gradient of
the objective function at wk , λmax is the largest eigenvalue
of the Hessian matrix F F T , and

xi
if |xi | ≤ ξ
(29)
P·∞ ≤ξ (x) i =
sgn(xi )ξ if |xi | > ξ

This is the well-known variational inequality, and it gives the
optimality condition for constrained optimization problems.
Based on the above result, we show that ξ max can be computed via solving a linear system of equations with a special
structure.

is the projection onto the feasible region. It follows from the
analysis in [27] that this algorithm has a linear convergence
rate as
k

λmin
w0 − w∗ 2 ,
(30)
wk − w∗ 2 ≤ 1 −
λmax
where w0 is the initial starting point, and λmin denotes the
smallest eigenvalue of the Hessian matrix. This algorithm
can also be accelerated by the Nesterov’s method [27].

3.5 Duality Gap and Convergence
The gradient descent algorithm is an iterative procedure,
and thus a criterion is required to assess the convergence of
the algorithm. Following [24], we deﬁne a duality gap for the
min-max problem in Eq. (24) and derive a simple equation
for computing the duality gap in each iteration. We use this
duality gap as the stopping criterion in our experiments, and
the gradient descent algorithm returns when the duality gap
is smaller than 10−8 .
Let w̄ be an appropriate solution computed by the gradient descent algorithm. Note that w̄∞ ≤ ξ, as it has
been projected onto the feasible region in each step. Let
v̄ = AT u − F T w̄ be the corresponding solution for the primal formulation. We can deﬁne the duality gap for Eq. (24)
at (v̄, w̄) as
dg(v̄, w̄) =

max

w:w∞ ≤ξ

φ(v̄, w) − min φ(ṽ, w̄).
ṽ

(31)

The following results show that the duality gap in Eq. (31)
is an upper bound for the errors in both the primal and the
dual formulations. In addition, it can be computed easily
by a simple equation.
Theorem 3.2. The duality gap defined in Eq. (31) can
be computed as


dg(v̄, w̄) = ξψ  (w̄)1 + w̄, ψ  (w̄) .
(32)
In addition, we have the following results:
ψ(w̄) − ψ(w∗ )
fξ (v̄) − fξ (v∗ )

≤ dg(v̄, w̄),
≤ dg(v̄, w̄).

(33)
(34)

The proof of this theorem is similar to that of Theorem 3
in [24] and is thus omitted.

3.6 Regularization Parameter Interval
The regularization parameter ξ controls the temporal smoothness over vi . That is, when ξ is larger than a certain value
ξ max , vi and vi+1 , for i = 1, 2, · · · , t − 1, will be enforced to

Theorem 3.3. Let ŵ denote the unique solution of the
linear system
F F T w = F AT u,

(36)

ξ max = ŵ∞ .

(37)

and let
Then for any ξ ≥ ξ max , we have ṽi = ṽj , ∀ i, j.
Proof. Since the Hessian of ψ(·) is positive deﬁnite, the
linear system in Eq. (36) has a unique solution ŵ. For any
ξ ≥ ξ max , it can be easily veriﬁed that ŵ∞ = ξ max ≤ ξ
and ψ  (ŵ) = F F T ŵ − F AT u = 0. It follows from the optimality condition in Eq. (35) that ŵ is the optimal solution
to Eq. (26) when ξ ≥ ξ max . In addition, when ξ ≥ ξ max , we
have πξ (u) = AT u − F T ŵ from Eq. (25). It follows that
F πξ (u) = F (AT u − F T ŵ) = 0.
Therefore, we have ṽi = ṽj , ∀ i, j.
The value of ξ max can be used to guide the selection of an
appropriate value for ξ in practice. We evaluate the eﬀectiveness of ξ in the experiments and observe that the best
performance is achieved when ξ = ξ max on the biological
data sets.

4. RELATED WORK
Simultaneous row and column clustering for identifying
block structures from matrix data has been initially studied
in [17]. Recent surge of interests in co-clustering is motivated by biological applications, which aim at identifying
subset of genes co-expressed in a subset of samples from
microarray gene expression data [6]. Co-clustering has also
been applied in many other applications, including simultaneous clustering of words and documents [10, 9], authors and
conference [32], etc. Early work on co-clustering focuses on
deﬁning an error measure and then identifying blocks that
minimize this measure using heuristic search algorithms [17,
6]. These early work has recently been reformulated using matrix and optimization techniques [8]. Following the
spectral clustering formalism, it has been shown recently
that co-clustering is closely related to the singular value decomposition (SVD) of the data matrix [4]. In [9, 36], coclustering is formulated as a bipartite graph cut problem,
and the data are projected onto the left and right singular
vector spaces before they are concatenated and clustered to
identify row and column co-clusters. It is shown in [21] that
sparsity-inducing regularization can be employed to compute sparse singular vectors, which in turn can be used to
form co-clusters.

E11.5

E13.5

E15.5

E18.5

P4

P14

P28

Figure 2: Sample slices of the 3D expression patterns for the gene Neurog1 across seven developmental ages
shown in the coronal view.
Table 1: Statistics of the Allen Developing Mouse Brain Atlas data used in the experiments. For each
developing age, the data consist of a matrix in which one dimension corresponds to the brain voxels while the
other dimension corresponds to the genes. This data set contains 7 developing ages, 4 of them are embryonic
ages (denoted as E followed by the age in terms of days) and three are postnatal ages (denoted as P followed
by the age). In addition, each voxel is annotated to a brain region manually. The number of genes, voxels,
and brain regions for each age are summarized in this table.
Ages
E11.5 E13.5 E15.5 E18.5
P4
P14
P28
# of genes
1798
1798
1798
1798
1798
1798
1798
# of voxels
12949 17351 13454 12394 22170 25048 28333
# of regions
159
242
262
89
90
94
222

This work is also related to recent studies on mining from
time-evolving data, which is becoming an increasingly important topic. Chakrabarti et al. [5] ﬁrst proposed the concept of evolutionary clustering and extended the K-means
and the hierarchical clustering algorithms for uncovering
smooth patterns from time-evolving data matrices. In [7],
the spectral clustering formalism is systematically extended
to the evolutionary setting by incorporating a temporal cost
into the objective function, leading to a suite of formulations
for evolutionary spectral clustering. In [23], the nonnegative matrix factorization is employed for soft clustering, and
a temporal cost is included for mining from time-evolving
data. Evolutionary nonnegative matrix factorization is also
studied in [34].
The fused Lasso penalty was originally proposed in [30] for
encouraging smoothness over related coeﬃcients in regression problems. This type of penalty is very attractive and
has been applied for encouraging smoothness over spatial
and temporal smoothness in many applications, including
biological data analysis [31] and social studies [1]. A critical
challenge in employing the fused Lasso formalism is that this
class of penalty is non-smooth and non-separable and thus
is very challenging to optimize. In [13], a modiﬁed coordinate descent algorithm is developed to solve the fused Lasso
formulation. However, this algorithm is not guaranteed to
give the exact solution. In [18], a path algorithm is proposed to solve the fused Lasso signal approximator. Instead
of solving the original primal problem, Liu et al. developed
a dual formulation for the fused Lasso signal approximator
and devised a gradient descent algorithm for computing the
dual solution [24].
The formulation proposed in this work is radically different from the evolutionary clustering and matrix factorization formalisms studied in the literature [5, 7, 23, 34].
The diﬀerences lie in both the studied problems and in the
adopted approaches. Speciﬁcally, the existing evolutionary
methods deal with clustering problems while our work is
concerned with co-clustering problem. Indeed, to the best

of our knowledge, our work is the ﬁrst systematic study of
co-clustering on time-varying data. In addition, our work
is based on the optimization framework of sparsity-inducing
formulations, while the current evolutionary clustering methods is mostly motivated by matrix decomposition techniques.

5. EXPERIMENTAL EVALUATION
5.1 Experimental Setup
We evaluate the proposed evolutionary co-clustering formulation using the Allen Developing Mouse Brain Atlas
data, which are publicly available1 . This data set contains
in situ hybridization gene expression pattern images in the
developing mouse brain across 7 developmental ages (see
Figure 2). The 3D images are registered to a reference atlas separately for each age, and a regular grid is applied to
partition the 3D brain space into voxels. The expression energy within each voxel is given as a numerical value. The
statistics of the data are summarized in Table 1. There is
one data matrix associated with each of the 7 developing
ages. The rows of the matrices correspond to brain voxels
while the columns correspond to genes. Note that the brain
voxels are not registered across ages, and the data for each
age contain diﬀerent number of voxels. Hence, we only apply the fused Lasso regularization over the columns (genes);
that is, we set η = 0. This is one of the unique advantages
of the proposed formulation in which the smoothness constraint can be applied to either or both dimensions. We use
the duality gap as the stopping criterion for the gradient
descent algorithm and the error tolerance is set to 10−8 in
the experiments.
To measure the co-clustering performance, we consider
the annotated brain region of each voxel as its class and
compare the clustering results with the region labels of voxels, since it has been shown that the results of gene expression data clustering are largely consistent with classi1

http://developingmouse.brain-map.org/
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Figure 3: Performance of the proposed method
(ξ = ξ max ), denoted as CCevol , in comparison with
three other methods measured using the S index.
CCSVD denotes the co-clustering method based on
SVD proposed in [21]; CCspectral denotes the spectral co-clustering method proposed in [9]; K-means
denotes the K-means method applied to gene expression vectors of each voxel.

cal neuroanatomy [3]. Following [2, 3], the S index is used
to quantitatively measure the correspondence of the clustering results with the classical neuroanatomy reﬂected in
the region annotations. Speciﬁcally, let R = {r1 , · · · , rN }
be a partition of the set of brain voxels in which each ri
comprises the set of indices of the voxels that map to that
cluster (or anatomical label). The spatial overlap between a
region from the annotation and the clustering result is deﬁned as: Pij = |ri ∩ rj |/|rj |. From the Pij values that are
computed over all pairs of brain regions and cluster result,
we can then derive a global scalar index of similarity between the two partitions. Since Pij = Pji , Xij
is deﬁned as
Xij = max{Pij , Pji } along with Wij = Uij / Uij , where
Uij = min{|ri |, |rj |} if Xij > 0 and
0 otherwise. Finally, the
S index is deﬁned as S = 1 − 4 ij Wij Xij (1 − Xij ). The
S index lies in [0,1], and larger value indicates higher consistency between the clustering results and the annotated
regions.

5.2 Co-Clustering Performance Evaluation
To evaluate the performance of the proposed evolutionary co-clustering method, we compare the proposed method
with two other co-clustering methods and one clustering
method. The two co-clustering methods are the one based
on sparse SVD in [21] and the spectral co-clustering method
proposed in [9, 36]. We also compare our method with the
K-means algorithm when it is applied to cluster the voxels
of the data set for each age separately. Note that the evolutionary clustering methods [5, 7, 23] cannot be applied to
this data set, since the brain voxels are not registered across
ages.
The performance of the four methods on the seven data
sets is reported in Figure 3. We observed that the best performance is achieved when ξ = ξ max and report the results
under this parameter setting. Detailed studies on parameter
sensitivity are reported in Section 5.3. It can be observed
from Figure 3 that the proposed evolutionary co-clustering
method outperforms other compared methods consistently
across all seven data sets, demonstrating that incorporation
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Figure 4: Performance of the proposed method as
the value of the fused Lasso regularization parameter ξ increases. The performance is measured using
the S index and is averaged across the 7 data sets.

of the smoothness constraints between contiguous age data
yield improved performance. We can also observe that coclustering based methods consistently outperform clustering
based method. This result is in accordance with the common observation that co-clustering of gene expression data
usually leads to improved performance. In addition, the
co-clustering method based on sparse SVD outperforms the
spectral co-clustering method on all seven data sets.

5.3 Parameter Sensitivity Evaluation
In order to fully understand how the fused Lasso regularization parameter ξ aﬀects the performance, we conduct
a series of experiments and report the results in the following. We ﬁrst investigate how the performance changes as the
value for ξ changes. To this end, we vary the value for ξ from
0.01 to ξ max = 104 and report the performance on each data
set in Table 2 and summarize the average performance across
data sets in Figure 4. We can observe that the performance
improves in general as the value for ξ increases. Indeed,
the proposed formulation achieves the highest performance
when ξ = ξ max . This demonstrate that incorporation of the
fused Lasso regularization is very eﬀective in boosting the
performance.
To evaluate the eﬀectiveness of the fused Lasso regularization in encouraging smoothness over the temporal dimension, we again vary ξ from 0.01 to 104 and report the 1 -norm
diﬀerences between temporally adjacent variable vectors in
Figure 5. We can observe that, as ξ increases, the values for
the fused Lasso regularization terms decrease monotonically
until they reach zero, where the adjacent variables are forced
to be identical.
We also evaluate the eﬀectiveness of the deﬁned duality
gap in determining the convergence of the gradient descent
algorithm. To this end, we plot the values of the duality gap
in the ﬁrst 50 iterations of the gradient descent algorithm
under multiple ξ values in Figure 6. We can observe that
the duality gap decreases monotonically in all cases. In addition, as the value of ξ increases, the duality gap approaches
zero at a slower speed. This is because more computations
are required to fuse adjacent variables when the value for ξ
increases. We use the duality gap as the stopping criterion
in all experiments, and the error tolerance is set to 10−8 .

Table 2: Performance of the proposed method (measured using the S index) on the seven data sets as ξ
increases from 0.01 to ξ max = 104 . The data are publicly available at http://developingmouse.brain-map.org
and the statistics are given in Table 1
ages\ξ
10−2 10−1
1
5
10
25
50
75
100
250
500
750
103
104
E11.5
0.769 0.766 0.775 0.765 0.772 0.781 0.791 0.801 0.801 0.824 0.814 0.823 0.818 0.829
0.736 0.738 0.730 0.730 0.735 0.754 0.757 0.779 0.797 0.815 0.805 0.816 0.818 0.820
E13.5
0.729 0.717 0.730 0.745 0.748 0.760 0.776 0.773 0.784 0.812 0.796 0.812 0.798 0.815
E15.5
E18.5
0.840 0.843 0.835 0.842 0.848 0.845 0.854 0.839 0.847 0.866 0.842 0.857 0.856 0.863
0.855 0.852 0.843 0.843 0.848 0.863 0.864 0.863 0.868 0.872 0.865 0.871 0.862 0.875
P4
P14
0.807 0.830 0.850 0.838 0.834 0.842 0.837 0.831 0.846 0.873 0.867 0.869 0.877 0.886
0.796 0.797 0.799 0.824 0.804 0.800 0.801 0.782 0.810 0.833 0.823 0.823 0.831 0.834
P28
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Figure 5: The values of the fused Lasso regularization terms as ξ increases.

In all cases, the duality gap is reduced below the tolerance
level within a relatively small number of iterations.

6.

CONCLUSIONS AND DISCUSSIONS

In this paper, we propose an evolutionary co-clustering
method for identifying block structures from time-evolving
data. The proposed formulation employs the fused Lasso
type of regularization to encourage the smoothness of the
block structures, and it is applicable to scenarios in which
only one sides of the blocks are required to be temporally
smooth. The resulting optimization problem is non-convex,
non-smooth, and non-separable, and we employ an iterative
procedure to compute the solution. Each step of the iterative procedure involves a convex problem. We derive the
dual form of this problem and employ a gradient descent algorithm to compute the dual optimal solution. Experimental results on the Allen Developing Mouse Brain Atlas data
show that the proposed method yields consistently higher
performance in comparison to other methods.
It has been shown that nonnegative matrix factorization
(NMF) can be used for clustering [11] and co-clustering [35].
However, to the best of our knowledge, NMF has not been
employed to perform evolutionary co-clustering. We plan
to investigate how NMF [15, 16] can be adapted for coclustering on time-evolving data. In this paper, we solve
the dual form of the convex problem in each iteration. In
the literature, coordinate descent and path algorithms have
been developed to solve the fused Lasso signal approximator. We will explore and compare other alternative meth-
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Figure 6: The duality gap in the ﬁrst 50 iterations
for diﬀerent ξ values.
ods for solving this convex problem. This paper focuses on
evaluating the proposed method on the mouse brain gene
expression data, but this method can be applied to many
other domains. We plan to apply our method to other data
sets in the future.
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Pathwise coordinate optimization. Annals of Applied
Statistics, 1(2):302–332, 2007.
E. Giannakidou, V. Koutsonikola, A. Vakali, and
Y. Kompatsiaris. Co-clustering tags and social data
sources. In Proceedings of the 2008 The Ninth
International Conference on Web-Age Information
Management, pages 317–324, 2008.
N. Guan, D. Tao, Z. Luo, and B. Yuan. Non-negative
patch alignment framework. IEEE Transactions on
Neural Networks, 22(8):1218–1230, 2011.
N. Guan, D. Tao, Z. Luo, and B. Yuan. NeNMF: An
optimal gradient method for nonnegative matrix
factorization. IEEE Transactions on Signal
Processing, 60(6):2882–2898, 2012.
J. A. Hartigan. Direct clustering of a data matrix.
Journal of the American Statistical Association,
67(337):123–129, 1972.
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