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Abstract. Stochasticity and small system size effects in complex bio-
chemical reaction networks can greatly alter transient and steady-state
system properties. A common approach to modeling reaction networks,
which accounts for system size, is the chemical master equation that
governs the dynamics of the joint probability distribution for molecular
copy number. However, calculation of the stationary distribution is often
prohibitive, due to the large state-space associated with most biochemi-
cal reaction networks. Here, we analyze a network representing a luminal
calcium release site model and investigate to what extent small system
size effects and calcium fluctuations, driven by ion channel gating, influx
and diffusion, alter steady-state ion channel properties including open
probability. For a physiological ion channel gating model and number
of channels, the state-space may be between approximately 106 − 108

elements, and a novel modified block power method is used to solve
the associated dominant eigenvector problem required to calculate the
stationary distribution. We demonstrate that both small local cytoso-
lic domain volume and a small number of ion channels drive calcium
fluctuations that result in deviation from the corresponding model that
neglects small system size effects.

Keywords: Systems biology ⋅ Chemical master equation ⋅ Fluctuation ⋅
Calcium ⋅ Ion channel ⋅ Stationary distribution ⋅ Eigenvector ⋅ Block
power method

1 Introduction

In a biochemical reaction network, the copy number of the molecules in the sys-
tem randomly fluctuates due to the random timing of individual reactions [1].
When the system size is small, concentration or density fluctuations are large in
amplitude, and these fluctuations may alter steady-state system properties. In
particular, when reactions are higher than first-order, the expected value calcu-
lated from the stationary distribution of a discrete system representation (that
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accounts for fluctuations and small system size) may disagree with the steady-
state value calculated from the corresponding continuous system representation
(that neglects fluctuations and ignores system size effects) [2].

In many cell types, calcium (Ca2+) is a key signaling molecule that drives im-
portant physiological functions, such as neurotransmitter release and myocyte
contraction [3]. Ca2+ signaling is often localized in “spatially restricted” domains
of small volume, or Ca2+ microdomains. Ca2+ influx into microdomains often oc-
curs via Ca2+-regulated Ca2+ channels, and the number of Ca2+ channels is often
small. For example, in cardiomyocytes, localized Ca2+ signaling occurs in dyadic
subspaces, estimated to contain between 10−100 Ca2+-activated channels[4]. Ac-
counting for stochasticity in Ca2+ channel gating, i.e., transitions between open,
closed, and inactivated channel states, due to the small number of ion channels,
is important and necessary to reproduce many aspects of subcellular Ca2+ sig-
naling [5]. However, due to small domain volume (0.001 − 0.1 μm3) and resting
Ca2+ concentration ([Ca2+], 0.1 μM), the expected number of Ca2+ ions is also
typically very small (0.06 − 6 Ca2+ ions). Yet the influence of stochasticity due
to Ca2+ ion fluctuations is not as well understood.

A common approach to modeling biochemical reaction networks that accounts
for system size is the chemical master equation that governs the joint probabil-
ity distribution for molecular copy number [6]. In prior work, Weinberg and
Smith utilized this approach to investigate the influence of [Ca2+] fluctuations
in minimal Ca2+ microdomain model, comprised of two-state Ca2+ channels, ac-
tivated by local domain Ca2+ [7]. Here, we expand on this prior work to include
a more physiological number of channels, channel gating model, which accounts
for both Ca2+-dependent activation and inactivation, and both cytosolic and
luminal Ca2+ domains. With this increasing level of physiological detail, the as-
sociated state-space for the luminal Ca2+ release site model contains between
106 − 108 elements. A novel modified block power method is used to solve the
associated dominant eigenvector problem required to calculate the stationary
distribution. Our paper is organized as follows: In Section 2, we briefly present
the chemical master equation and calculation of the stationary distribution in
a chemical reaction network. In Section 3, we describe the luminal Ca2+ release
site model. In Section 4, we illustrate how accounting for stochasticity influences
steady-state channel gating. We conclude with a brief discussion of our results
in Section 5.

2 Chemical Reaction Network

2.1 Chemical Master Equation

We follow the general notation for representing a biochemical reaction network
as presented in the excellent review by Goutsias and Jenkinson [6]. We de-
scribe the biochemical interactions in a system between N molecular species
X1,X2, . . . ,XN via M reactions,

∑

n∈N

νnmXn → ∑

n∈N

ν′nmXn, m ∈M, (1)
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where N = {1,2, . . . ,N} and M = {1,2, . . . ,M}. νnm and ν′nm are the stochio-
metric coefficients that describe the number of molecules of the n-th species
consumed or produced in the m-th reaction. We collect the net stoichiometric
coefficients in the N ×M matrix S = (snm), where snm = νnm − ν

′

nm.
In a Markov reaction network, the probability of a reaction occurring only

depends on the current system state, and further, to first-order

Pr{reaction m occurs within [t, t + dt)∣XXX(t) = xxx} = πm(xxx)dt, (2)

where vector XXX(t) = (X1(t),X2(t), . . . ,XN(t)), xxx = (x1, x2, . . . , xn) is a known
system state, and πm(xxx) is a state-dependent function called the propensity
function, associated with the m-th reaction. The joint probability distribution
pXXX(t) is governed by the partial differential equation, known as the chemical
master equation,

∂pXXX(xxx; t)

∂t
=

∑

m∈M

{πm(xxx − sssm)pXXX(xxx − sssm; t) − πm(xxx)pXXX(xxx; t)} , (3)

where sssm is the m-th column of matrix S.
If we index the elements in state space X , then the master equation can be

expressed as a linear system of coupled first-order differential equations

dppp(t)

dt
= ppp(t)Q, (4)

where ppp(t) is a 1×K vector containing the probabilities pXXX(xxx; t), xxx ∈ X , Q = (qij)
is a large K ×K sparse matrix, known as the infinitesimal generator matrix,
whose structure can be determined directly from the master equation, and K is
the cardinality of (number of elements in) state space X .

If a stationary distribution exists, then at steady-state, pppssQ = 0, which can
also be found by solution of pppssP = pppss, where P = QΔt + I, I is the identity ma-
trix of appropriate size, and Δt is sufficiently small that the probability of two
transitions taking place in time Δt is negligible, i.e., matrix P is stochastic [8].
We have essentially discretized the continuous-time Markov chain into a discrete-
time Markov chain with transition matrix P. To guarantee that P is stochastic,
0 < Δt < (maxi ∣qii∣)

−1, and specifically, for numerical considerations discussed
in Stewart [8], we define Δt = 0.99(maxi ∣qii∣)

−1. The stationary joint distribution
pssXXX can be determined from pppss, which is calculated as described in the following
section.

2.2 Numerical Calculation of Dominant Eigenvector

A Markov chain converges to a stationary distribution provided that it is aperi-
odic and irreducible. Let λ1, λ2, . . . , λK be the eigenvalues of the transition ma-
trix P of the Markov chain, where ∣λ1 ∣ = 1 ≥ ∣λ2∣ ≥ . . . ≥ ∣λK ∣, and v1, v2, . . . , vK are
the corresponding eigenvectors. The stationary distribution of the Markov chain
corresponds to the principle eigenvector v1. Although many numerical methods
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Fig. 1. Convergence of the simple power method and the block power method (k = 10
and 100) on a test matrix of size 1000 × 1000. The block power method significantly
reduces the number of passes over the transition matrix P and accelerates convergence
to the stationary distribution.

can be used to calculate v1, when the transition matrix P is large, the power
method, with a convergence rate proportional to 1/∣λ2∣, is typically the most
feasible method with the least memory requirement.

To calculate the stationary distribution of the luminal Ca2+ release site model
with over a million states, we develop a modified block power method. The block
power method was originally designed to estimate multiple dominating eigenval-
ues/eigenvectors, where the convergence depends on the eigengap between the
k-th and (k + 1)-th eigenvalues, for a given block size k (1 < k ≪ K) [9]. Here,
we are only interested in the principle eigenvector, and therefore the eigengap
between λ1 = 1 and λk governs the convergence speed.

Starting with a K×k orthogonal initial matrix X(0), the block power iteration
generates the matrices sequence {X(i)}

∞

i=0
by defining

X(i) ∶= PX(i−1), i = 1,2, . . . (5)

For each iteration, the top-k eigenvectors of P are approximated by eigendecom-

posing a small k × k matrix B
(i)T

PB
(i), where B

(i) is a basis of the range space
of X(i). More specifically, by performing block power iteration, the range space
of X(i) becomes an approximate space capturing the dominant information of

matrix P. We construct the matrix B
(i)T

PB
(i) to project matrix P into the range

space of X(i) and compute its eigenvectors U (i). Then, the top-k eigenvectors of
matrix P can be approximated effectively through a simple matrix multiplication
B
(i)U (i) and the largest is selected as the approximate principle eigenvector.
Compared to the simple power method, the block power method has impor-

tant advantages in handling very large transition matrices. Firstly, when the
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transition matrix P is large, the cost of passing over P dominates that of other
numerical computations and thus becomes the main computational bottleneck.
The block algorithm can significantly reduce the number of passes over P. Sec-
ondly, due to the fact that only the principle eigenvector is of interest, the block
power method converges at a rate proportional to 1/∣λk ∣ instead of 1/∣λ2∣ as in the
simple power method, which is particularly effective when the eigengap between
1 and ∣λk ∣ is significantly wider than that between 1 and ∣λ2∣. Using block sizes
of k = 10 and 100 on a test matrix reduces the number of passes over P to reach
convergence from on the order of 105 to 103 and 102, respectively (Figure 1).

3 Luminal Calcium Release Site Model

In this section, we first describe the Ca2+ channel gating model and Ca2+ domain
compartmental model. We then recast the luminal Ca2+ release site model as a
discrete biochemical reaction network, using the notation in Section 2.

3.1 Four-State Calcium Channel Gating Model

Many Ca2+-regulated channels have been shown to exhibit both fast Ca2+ ac-
tivation and slower Ca2+ inactivation, such as IP3 receptors [10]. The gating
of Ca2+ channels that are activated and inactivated by local cytosolic Ca2+ is
represented by a stochastic process with the following state transition diagram,

(closed) C

k+

accyt
⇌

k−

a

O (open)

k+bccyt ⥯ k−b k−d ⥮ k+dccyt

(closed, inactivated) CI

k+

c ccyt
⇌

k−

c

I (inactivated)

, (6)

where k+i ccyt and k−i are transition rates with units of time−1, ccyt is the local cy-
tosolic [Ca2+], and k+i is an association rate constant with units of concentration−1⋅
time−1, for i ∈ {a, b, c, d}. The channel is open when the activation site is Ca2+-
bound and the inactivation site is not bound (Figure 2).

In the absence of ion channel gating fluctuations, i.e., for a large number of
ion channels Nc, then the dynamics of the fraction of channels in the four states
is given by the following system of ordinary differential equations,

dfC
dt
= k−afO + k

−

bfCI − (k
+

a + k
+

b)ccytfC (7a)

dfCI
dt
= k+bccytfC + k

−

c fI − (k
−

b + k
+

c ccyt)fCI (7b)

dfI
dt
= k+c ccytfCI + k

+

dccytfO − (k
−

c + k
−

d)fI (7c)

dfO
dt
= k+a ccytfC + k

−

dfI − (k
−

a + k
+

dccyt)fO, (7d)

where fC , fCI , fI , and fO are the fraction of channels in states C, CI, I, and O,
respectively. One of these equations is superfluous, since fC + fCI + fI + fO = 1.
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Fig. 2. Illustration of the model components and fluxes in the calcium release unit.
Each Ca2+ channel has an activation and inactivation binding site. When only the
activation site is Ca2+-bound, the channel is open and Ca2+ is release at rate vrel.
Local cytosolic [Ca2+], ccyt, relaxes to the bulk [Ca2+], c∞cyt, at rate vcyt, and depleted
local luminal [Ca2+], cer, refills towards bulk luminal [Ca2+], c∞er, at rate ver .

3.2 Cytosolic and Luminal Domain Compartment Model

Depletion of local Ca2+ near the luminal side of the Ca2+ channel can alter local
Ca2+ release events, known as puffs or sparks [10]. Therefore, we consider a four
compartment model that accounts for local cytosolic and luminal domains, with
[Ca2+] of ccyt and cer, respectively, and bulk cytosolic and luminal compartments,
with [Ca2+] of c∞cyt and c∞er, respectively (Figure 2). Assuming local cytosolic

[Ca2+], ccyt, relaxes to the bulk [Ca2+], c∞cyt, at rate vcyt, and depleted local

luminal [Ca2+], cer, refills towards bulk luminal [Ca2+], c∞er, at rate ver, and in
the absence of local cytosolic domain [Ca2+] fluctuations, the dynamics of ccyt
and cer are given by the following system of ordinary differential equations,

dccyt

dt
= vrelfO(cer − ccyt) − vcyt(ccyt − c

∞

cyt) (8a)

dcer
dt
=

1

λ
[−vrelfO(cer − ccyt) − ver(cer − c

∞

er)] , (8b)

where vrel is the luminal Ca2+ release flux rate, and λ = Ωer/Ωcyt is the ratio of
the local luminal and cytosolic domain volumes, Ωer and Ωcyt, respectively.

3.3 Stochastic Luminal Calcium Release Site Model

The stochastic luminal calcium release site model that corresponds to the chan-
nel gating and compartment models, Eqs. 7-8, respectively, and accounts for
fluctuations in both channel gating and local cytosolic [Ca2+] can be described
by the following biochemical reaction network consisting of N = 5 species and
M = 10 reactions,
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C +Ca2+cyt
k̄+

a
�→ O, O

k−

a
�→ C +Ca2+cyt,

C +Ca2+cyt
k̄+

b
�→ CI, CI

k−

b
�→ C +Ca2+cyt,

CI +Ca2+cyt
k̄+

c
�→ I, I

k−

c
�→ CI +Ca2+cyt,

O +Ca2+cyt
k̄+

d
�→ I, I

k−

d
�→ O +Ca2+cyt,

∅

α
�→ Ca2+cyt, Ca2+cyt

β
�→ ∅,

(9)

where reaction rates are given by k̄+i = k+i /Ωcyt, α(xxx) = Ωcyt(vcytc
∞

cyt + vrelfO(xxx)
cer(xxx)), and β(xxx) = vcyt + vrelfO(xxx). The copy numbers of channels in each state
are (arbitrarily) defined as X1 = C, X2 = CI, X3 = I, and X4 = O, such that
fO(xxx) = x4/Nc. Similarly, the copy number of local cytosolic Ca2+ ions is defined as
X5 = Ca

2+
cyt, such that ccyt(xxx) = x5/Ωcyt. Local luminal [Ca2+], cer, is assumed to be

in rapid equilibrium, such that cer(xxx) = (vrelfO(xxx)ccyt(xxx) + verc
∞

er)/(vrelfO(xxx) +
ver).

The propensity functions and the net stoichiometric matrix S for the biochem-
ical reaction network defined by Eq. 9 are given by

π1(xxx) = k̄
+

ax1x5, π2(xxx) = k
−

ax4,
π3(xxx) = k̄

+

bx1x5, π4(xxx) = k
−

bx2,
π5(xxx) = k̄

+

c x2x5, π6(xxx) = k
−

c x3,
π7(xxx) = k̄

+

dx4x5, π8(xxx) = k
−

dx3,
π9(xxx) = α(xxx), π10(xxx) = β(xxx),

S =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−1 1 −1 1 0 0 0 0 0 0
0 0 1 −1 −1 1 0 0 0 0
0 0 0 0 1 −1 1 −1 0 0
1 −1 0 0 0 0 −1 1 0 0
−1 1 −1 1 −1 1 −1 1 1 −1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

As described in Section 2, we calculate the stationary distribution and sta-
tionary statistics, given by the q-th moment of the i-th species,

μi
q = ∑

xxx∈X

xq
i ⋅ p

ss
XXX (xxx), (10)

where X is the enumerated state-space, such that the expected channel open and
inactivation probability, E[fO] = μ

4
1/Nc and E[fI] = μ

3
1/Nc, respectively, and ex-

pected local cytosolic [Ca2+], E[ccyt] = μ5
1/Ωcyt. We compare these stationary

statistics that account for small system size with the corresponding steady-state
values for local cytosolic [Ca2+] and open and inactivated channel fraction that
neglect fluctuations and small system size effects, csscyt, f ss

O
, and f ss

I
, respec-

tively, found by the steady-state solution of Eqs. 7-8. We also calculate the spark
score, S = Var[fO]/E[fO], an index of dispersion for fO, where the fO variance,
Var[fO] = [μ

4
2−(μ

4
1)

2
]/N

2
c , divided by the expectation E[fO], which takes values

between 0 and 1. A larger spark score corresponds to more robust, spontaneous
luminal Ca2+ release events [11].

3.4 Practical Considerations for Enumerating the State-Space

The size of the enumerated state-space K = R5Rc, is the product of total num-
ber states for Ca2+cyt copy number, R5, and total number states for the Nc ion
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channels, Rc. Enumerating the state-space is straightforward when there is a
natural finite range of values that each species can allow. For example, X1,
X2, X3 and X4 allow values between 0,1, . . . ,Nc. However, because Ca2+ influx
(reaction 9) is zero-order, in theory, the local cytosolic Ca2+ ion maximum is
infinite. In practice, we define a maximum value R5, for which the probability of
Ca2+cyt exceeding such a value is negligible. We found that a reasonable value for
R5 = 2ρ, where ρ = max(⌈cmax

cyt Ωcyt⌉,50), c
max
cyt = (vcytc

∞

cyt + vrelc
∞

er)/(vcyt + vrel)
is the hypothetical maximum value for ccyt that occurs for a fully replete local
luminal domain (cer = c

∞

er) and all channels open (fO = 1), and ⌈⋅⌉ is the ceiling
function. Assuming channels are identical and experience the same local cytoso-
lic [Ca2+], the number of distinguishable states for Nc channels, with Ns states,
is given by Rc = (Nc +Ns −1)!/Nc!/(Ns −1)!, where Ns = 4 for the gating model
in Eq. 6 [12]. For example, for Ωcyt = 10

−2 μm3, Nc = 50 channels, and standard
compartment flux parameters (see Figure 3 legend), R5 = 3012, Rc = 23426, and
the state-space size K ≈ 7.06 ⋅ 107.

4 Results

We investigate the influence of small system size on the stationary properties
of the luminal Ca2+ release site model by varying the local cytosolic domain
volume Ωcyt and number of Ca2+ channels Nc. We plot the joint and marginal
distribution for local cytosolic [Ca2+], ccyt, and the fraction of open channels,
fO, and indicate E[fO] and E[ccyt] (blue circle, solid line) and fss

O
and csscyt (red

X, dashed line).
When the local cytosolic domain volume is small (Ωcyt = 10−3 μm3) and

has a small number of channels (Nc = 10), the fO-distribution is Poisson-like,
while the ccyt-distribution is bimodal, with one peak corresponding to a low
[Ca2+] and zero channels open and a second peak correspond to an elevated
[Ca2+] and a few channels open (Figure 3A). Steady-state measures, f ss

O
and

csscyt, that neglect fluctuations correspond closely with the second peak, which

illustrates that Ca2+ ion and gating fluctuations lead to a subpopulation of
channels that are not open, which in turn reduces E[fO] and E[ccyt]. Further
analysis of the joint distribution reveals that most of these channels are in the
inactivated states, I and CI (not shown). In a local cytosolic domain of larger
volume (Ωcyt = 10−2 μm3, Figure 3D), the two peaks in the ccyt-distribution
are narrower (due to smaller [Ca2+] fluctuations). As a consequence of smaller
[Ca2+] fluctuations, Ca2+-activation events, C → O and CI → I, are less likely,
and probability in the stationary distribution shifts such that the closed states,
C and CI, are more likely. As such, E[fO] is reduced, and E[ccyt] is reduced as a
consequence. However, variability in channel gating slightly increases, such that
the spark score S increases.

As the number of channels in the domain increases (Nc = 25, Figure 3B, E), the
fO-distribution is more Gaussian-like. For a small domain volume (Figure 3B),
the ccyt-distribution is bimodal, as in the domain with fewer channels; however,
probability has shifted primarily from the low [Ca2+] level to a higher [Ca2+]
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Fig. 3. Luminal Ca2+ release site model stationary distribution. For the parameters in
each panel, the stationary joint and marginal distribution for local cytosolic [Ca2+],
ccyt, and fraction of open channels, fO are shown. The expected values for fO and ccyt,
E[fO] and E[ccyt] (blue circle, solid line), respectively, and and steady-state values in
the large system limit, fss

O
and csscyt (red X, dashed line), respectively, are indicated.

Parameters: Nc = 10 (A, D), 25 (B, E), or 50 (C, F). Ωcyt = 10−3 (A-C) or 10−2

(D-F) μm3, Channel gating [13]: k+a = k+c = 1 μM−1 s−1, k−a = k−c = 1 s−1, k+b = k+d =
0.01 μM−1 s−1, k−b = k−d = 0.05 s−1. Compartment fluxes and bulk concentrations [14]:
c∞cyt = 0.1 μM, c∞er = 500 μM, vcyt = 10 s−1, ver = 10 s−1, vrel = 10 s−1.

level, i.e., E[ccyt] is approaching csscyt, as expected for a larger system size. In
a larger volume domain, the ccyt-distribution is multimodal, with small peaks
corresponding to a distinct number of open channels, including a large peak for
zero open channels (Figure 3E).

As the number of ion channels increases further (Nc = 50), the joint distri-
bution approaches a multivariate Gaussian distribution, with a clear positive
correlation between ccyt and fO (Figure 3C). The expected values for fO and
ccyt, E[fO] and E[ccyt], respectively, approach the steady-state measures that
neglect fluctuations, f ss

O
and csscyt, respectively. In a local cytosolic domain of

larger volume, the ccyt-distribution has a reduced variance, and the correlation
between fO and ccyt is increased (Figure 3F).

In summary, over a wide range of physiological values for Nc and Ωcyt, we can
observe that as Nc increases, the fO-distribution transitions from Poisson-like to
Gaussian-like, and the fO variance, Var[fO] decreases such that the spark score
S also decreases. For small domain volumesΩcyt, the ccyt-distribution transitions
from a bimodal to Gaussian distribution as Nc increases, whereas for a larger
Ωcyt, the ccyt-distribution transitions from bimodal, to multimodal, to Gaussian.
Over this transition, the variance of ccyt initially increases and then decreases
(not shown). Further, in general, fO and ccyt are more closely correlated for
small Nc and larger Ωcyt.
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Fig. 4. Stationary statistics for the luminal Ca2+ release site model. (A) The expected
value for local cytoslic [Ca2+], and fraction of open and inactivated channels, E[ccyt],
E[fO], and E[fI], respectively, and spark score S are shown as functions of the number
of channels Nc, for different local cytosolic domain volume Ωcyt. (B) The small system
deviation Δz (Eq. 11), for x ∈ {E[ccyt],E[fO],E[fI],S} is shown as a function of Nc.
Parameters as in Figure 3.

In Figure 4A, we plot E[ccyt], E[fO], E[fI], and S as functions of Nc, for
different values of Ωcyt (solid, colored lines). We found that S decreases as Nc

increases, i.e., spontaneous sparks are less robust in domains with fewer channels.
Further, E[ccyt], E[fO], and E[fI] all increase as Nc increases and approach the
steady-state values that neglects fluctuations, csscyt, f

ss
O
, and f ss

I
, respectively

(black, dashed). We found that for small number of channels, Nc near 10 − 20,
there is a noticeable difference between these metrics as the cytosolic domain
volume increases from Ωcyt = 10

−3 (red) to 10−2 μm3 (green). We quantified this
deviation, referred to as the small system size deviation in [7],

Δz =
E[z] −E[z]∞

E[z]∞
, (11)

where z is the measurement for the smallest domain volume (Ωcyt = 10
−3 μm3),

E[z]∞ is the measurement for the largest domain volume (Ωcyt = 10
−2 μm3), and

z ∈ {ccyt, fO, fI ,S}. Δz for the four measurements are biphasic functions of Nc

(Figure 4B). For z ∈ {ccyt, fO, fI}, Δz > 0 (positive) and is maximal at Nc = 10,
i.e., E[ccyt], E[fO], and E[fI] all decrease as local cytosolic domain volume Ωcyt

increases. ΔS < 0 (negative) and is minimal at Nc = 15, i.e., S increases as Ωcyt

increases. The small system size deviation is largest in magnitude for fI .



172 H. Ji et al.

5 Conclusions

Small system size effects are known to influence dynamics in many settings,
including biochemical, epidemiological, social, and neural networks [6]. Fluctu-
ations in Ca2+ microdomain signaling due to stochastic gating of ion channels
are well-known [5]; however, fewer studies have also accounted for influence of
fluctuations in [Ca2+] due to small microdomain volume [7, 15, 16].

In this study, we sought to determine the role of fluctuations in Ca2+ chan-
nel and ion fluctuations in influencing steady-state properties of a luminal Ca2+

release site model. The state-space for the discrete model is very large, on the or-
der of 106−108 elements, for a physiological number of channels, channel gating
model, and domain volume, and a novel method was utilized to solve the cor-
responding eigenvector problem. We demonstrate that small system size effects,
due to both the small number of channels Nc and local cytosolic domain vol-
ume Ωcyt, influence stationary statistics for the system, including open channel
probability and spark score. Further, we are able to identify properties of local
cytosolic domains, i.e., parameter values for Nc and Ωcyt, for which stationary
characteristics, such as channel open probability and local [Ca2+] levels, do not
agree with the corresponding model that neglect small system size effects. Ex-
pected values for ccyt, fO, fI , and S were found to have a strong dependence
on the number of channels in the domain, Nc. Further, for a given number of
channels, in particular, small values near 10-15, these measures deviated as Ωcyt

increases, demonstrating that fluctuations in Ca2+ ions, in addition to channel
gating, also influence system stationary properties. Since local domain, sponta-
neous Ca2+ release events can greatly influence global Ca2+ signaling and home-
ostasis [11, 14], our work suggests that predictive whole-cell models of Ca2+

signaling should account for Ca2+ ion fluctuations and small system size effects.
In this study, we consider a Ca2+ channel gating model that accounts for both

Ca2+-dependent activation and inactivation and a Ca2+ compartmental model
that includes first-order passive exchange between local and bulk domains [10].
Interestingly, we found that small system deviations, Δccyt and ΔfO , are pos-
itive, in contrast with our prior work analyzing a minimal domain and gating
model [7], demonstrating that accounting for more physiologically-detailed mod-
els of domain compartments and gating is important. In pathological settings,
the kinetics of these processes may be altered, leading to more frequent sponta-
neous Ca2+ release events. Further, luminal Ca2+ channel gating dynamics may
be more complex, including multiple closed, inactivated, and refractory states.
Further studies are needed to investigate the influence of small system effects
in these settings. However, the general approach presented is independent of
model parameters, compartments, or the channel gating model. The stationary
statistics of the expansive state-space associated with a pathological or expanded
gating model can be similarly analyzed.
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