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Summary

 

Aerodynamic equations for the longitudinal motion of an aircraft with a horizontal tail were devel-
oped. In this development, emphasis was given on obtaining model structure suitable for parameter esti-
mation from experimental data. The resulting aerodynamic models included unsteady effects in the
form of linear indicial functions. These functions represented responses in the lift on the wing and tail
alone, and interference between those two lifting surfaces. The effect of the wing on the tail was formu-
lated for two different expressions concerning the downwash angle at the tail. The first expression used
the Cowley-Glauert approximation known as “lag-in-downwash,” the second took into account growth
of the wing circulation and delay in the development of the lift on the tail. Both approaches were dem-
onstrated in two examples using the geometry of a fighter aircraft and a large transport. It was shown
that the differences in the two downwash formulations would increase for an aircraft with long tail arm
performing low-speed, rapid maneuvers.
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Introduction

 

Recently there has been an increased interest in identification of aircraft aerodynamic models that
include unsteady aerodynamic terms. The majority of identified models were related to the longitudinal
motion of tailless aircraft, see reference 1 to 3, where the aerodynamic models had relatively simple
form. In formulating aerodynamic model equations for a wing-tail combination, however, more compli-
cated model forms can be expected. This problem was first addressed in the early twenties by Cowley
and Glauert (ref. 4). They realized that there was a time lag before the wing disturbance reaches the tail.
They assumed that the downwash associated with a change in lift is equal to the corresponding steady
value but the effect at the tail is delayed by the time for the airplane to travel a distance equal to the tail
arm. The change of the lift on the tail due to downwash was included in the damping-in-pitch deriva-
tive. Now this change is interpreted as a tail contribution to the acceleration derivatives, i.e., the deriva-
tive of the lift and pitching moment with respect to rate of change in the angle of attack.

The investigation of the downwash angle was extended by R. T. Jones and Fehlner in reference 5 by
considering both the growth of wing circulation and the delay in the development of lift by the tail.
They presented an expression for the downwash indicial function associated with a change of the lift on
the wing. Considerable effort to the rigorous explanation of the downwash both qualitatively and ana-
lytically was given by Tobak in reference 6. He developed indicial functions for the lift and pitching
moment of a wing-tail combination and presented numerical results for several representative cases in
supersonic flight regimes. The theoretical results were then applied to the longitudinal stability analysis
of an aircraft.

In reference 7 a theoretical analysis of the downwash due to changes in the lift of the wing was pre-
sented. In this analysis the wing was approximated either by a single horseshoe vortex or by a set of
these vortices. The result showed that for specific changes in the lift the downwash would depend on the
tail arm, wing aspect ratio and its span. Similar to reference 7, a simple vortex system was used in refer-
ence 8 to model unsteady aerodynamic effects into the longitudinal equations of motion. It was found
that the solution of resulting integro-differential equations led to lengthy computations. The calculations
also showed that the unsteady aerodynamics could be adequately accounted for when the unsteady
effects were included only in the downwash development. This finding permitted reformulating the
equations so that they appeared suitable for parameter estimation using flight test data.

This report is an extension of previous research in references 5, 7, and 8. Its purpose is to develop
aerodynamic equations for the longitudinal motion of an aircraft with horizontal tail. These equations
include unsteady effects modeled by linear indicial functions. The emphasis is given to obtaining model
structure suitable for model identification using experimental data. It means that the postulated model
should explain the aerodynamics of wing-tail combination with sufficient accuracy and, at the same
time, should be simple enough to provide good conditions for parameter identifiability. The report starts
with the formulation of equations for the lift and pitching-moment coefficient and introduction of indi-
cial functions in these equations. Then the development of an indicial function relating the change in the
lift of a wing due to downwash is presented. The downwash angle during the harmonic motion of an air-
craft is compared with that based on the traditional “lag-in-downwash” factor contained in the accelera-
tion stability derivatives. The variation of the downwash angle with the geometry and frequency of the
harmonic motion is also briefly discussed. Next, the final form of aerodynamic model equations is pre-

Caq
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sented. Numerical examples using the geometry of a fighter and transport aircraft demonstrate possible
forms of indicial functions using both the “lag-in-downwash” formulation and that with unsteady terms.
The report is completed by concluding remarks.

Indicial Functions

In the following development the lift and pitching moment will be considered as functions of the
angle of attack and pitching velocity, i.e.,

a = L or m

Then the aerodynamic model equations can be formulated as

(1)

Where  is the value of the coefficient at initial steady-state conditions, and  and 

are the indicial functions defining the responses in  to unit step in α and q respectively. Replacing

the second indicial function in (1) by its steady value , equation (1) is simplified as

(2)

When the deficiency functions

(3)

are substituted into (2) the equations for the aerodynamic coefficients take the form

(4)

where  and  are the rates of change with α and q of the coefficients  and .

The indicial functions  include combined responses of the wing and tail, and interference
effects between those two lifting surfaces. Because of linear aerodynamics the resulting indicial func-
tions are given as a sum of their components. For the indicial function  these components will be
as follows:

(1) the response in the lift of the wing to a unit step in angle of attack of the wing, while the angle of
attack of the tail remains at zero;

(2) the response in the lift of the tail to a unit step in angle of attack of the tail, while the angle of
attack of the wing remains at zero;
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(3) the response in the lift of the tail to a unit step in the angle of attack of the wing, while the angle
of attack of the tail remains at zero;

(4) the responses in the lift of the wing to a unit step in the angle of attack of the tail, while the angle
of attack of the wing remains at zero.

The first two components are represented by the response of an isolated wing and isolated tail
respectively. As pointed out in reference 6, these representations are true for supersonic speeds. For
subsonic speeds, however, these are good approximations. The third component expresses the lift on the
tail due to a change in the downwash induced by the lift of the wing. It is usually a significant contribu-
tion to the resulting pitching moment of an aircraft. Finally, the last component is zero for supersonic
speeds. For subsonic speeds it can be neglected. A summary of all four components, their conditions
and interpretations is given in table 1.

The expressions for the indicial function  of a wing alone were given by several authors.
In reference 5, the indicial function was formed as a sum of exponential

(5)

where the values of parameters  and  depend on the wing geometry. For a wing with small
aspect ration equation (5) was further simplified as

(6)

Equation (6) was used in references 1 and 3 for aerodynamic model identification of tailless aircraft
from wind tunnel, small amplitude oscillatory data. In reference 2, the parameters in (6) were consid-
ered as functions of the angle of attack for the identification of nonlinear models from wind tunnel
dynamic data with large amplitudes. In both cases, identified models were found to be adequate repre-
sentations of experimental data.

A simple form of the indicial function  defining the downwash effect on this tail can be
obtained by considering that a sudden change in the angle of attack of the wing results in a sudden
change in the downwash. Downwash from the wing is delayed from reaching the tail by the time

where  is the distance from the a.c. of the wing to that of the tail and V is the airspeed that remains
constant and equal to the speed of undisturbed flow. By neglecting the unsteady aerodynamic effect on
the tail, the indicial function  can be expressed as

(7)

Its time history is sketched in figure 1a. This assumption about the downwash has been used by Cowley
and Glauert in formulating contributions of the tail to the acceleration stability derivatives  and

.

A more detailed qualitative assessment of  is given in reference 6. At the time of sudden

change in  and under condition , no disturbances are present at the tail. At certain time
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develop positive lift on that portion of its surface that has penetrated the wake. As time increases the tail
further penetrates the field of shed vorticity and is subjected to a combined effect of upwash and down-
wash. Further penetration into the wake results in a change of lift from positive to negative. At certain
time  the tail is fully immersed in the steady downwash field. Then the lift on the tail remains

constant because it is no longer influenced by the disturbances created by the wing at the beginning of
the motion.

From the preceding discussion one can anticipate the shape of  as sketched in figure 1b
and its analytical form as a combination of three effects:

a) change in the lift of the wing followed by a change in angle of attack of the wing;

b) change in the downwash at the tail following a change in lift on the wing;

c) change in the lift on the tail due to a change in downwash at the tail.

Therefore, the variation in the lift on the tail following a change in angle of attack of the wing, while
maintaining , follows as a solution of three equations

(8)

(9)

(10)

The minus signs in equation (10) reflect the definition of a positive downwash angle that results in a
decrease of the angle of attack at the tail. The corresponding indicial function  can be obtained
from equations (8) to (10) as

(11)

(12)

where the last equation can be also written as

t2 t1>

CLtαw
t( )

α t 0=

CLw t( ) CLwαw
t( )α 0( ) CLwαw

t τ–( )α̇ τ( ) τd

0

t

∫+=

ε t( ) εCL t( )CLw 0( ) εCL t τ–( )ĊLw τ( ) τd
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(13)

In the above equation the indicial function  has already been discussed. The function 

represents the lift on the tail during passage of the tail through a step change in downwash that is equiv-
alent to the passage through a sharp-edge gust. The two-dimensional theory for this case was developed
by Küsner in reference 9 and extended to the three-dimensional case in reference 10. It was found that
the indicial function  can again be approximated by a sum of exponentials similar to equation

(5) for .

Analytical expressions for the indicial function  in equations (9) and (11) were developed by
several authors, see e.g., references 5, 7, and 8 using various degree of approximation to the vortex
sheet behind the wing. A rather simple approach to this problem is demonstrated in the next section.
Once the indicial function explaining the variation in lift of an aircraft following changes in the angle of
attack are known, they can be converted to those in the pitching-moment equation.

Downwash Angle

In the following development the vortex sheet of a finite wing in an incompressible steady flow is
replaced by a horseshoe vortex consisting of the bound vortex and two trailing vortices. After a sudden
change in the circulation around wing, a stationary vortex separates from the trailing edge of the wing
and moves in the direction of the velocity vector with the velocity equal to that of free stream, see
figure 2. The vortex system shown in figure 3 indicates the position of a reference point A and distance
between trailing vortices. For the present study this distance is equal to the wing span. As pointed out in
reference 11, however, the distance between trailing vortices is less than the wing span. It can be deter-
mined by equating the lift of the replacement system to the lift of the wing.

The downwash angle at the point A is  where  is the sum of induced velocities by all
four vortices. These velocities are calculated in the plane of the vortex system, midway between the two
trailing vortices, from the Biot-Savart rule. The expression for the downwash angle takes the form

(14)

where  is the circulation strength of each four vortices and . It is convenient to
express the downwash angle in nondimensional form as a function of time. This can be achieved by
considering the relation

(15)

where l is the distance between the wing trailing edge (the origin of the wing circulation) and the lead-
ing edge of the tail. By introducing nondimensional time
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(16)

and nondimensional lengths in terms of the half span, i.e.,

,  and 

equation (15) takes the nondimensional form

(17)

Substituting (17) into (14) and replacing L by  yields

(18)

It is further assumed that the Zhukovski’s formula

can be also applied to the unsteady flow around the wing. This leads to an increment in the circulation

(19)

where  is the wing aspect ratio. Combining (18) and (19) gives the expression for the down-
wash indicial function

(20)

and it’s steady value

(21)

The indicial function  is sketched in figure 4. It shows infinite values for  which is the
time when the leading edge of the tail reaches the position of the starting vortex. After that, the down-
wash angle decreases and, with increasing time, approaches a steady value. Although the indicial func-
tion can reach an infinite value, the convolution with the lift results in finite downwash at all points. If
the wing wake passes either above or below the tail surface, the indicial function  will not have
infinite values. Using the Cowley-Glauert explanation of the downwash delay and considering ,
the expression for the downwash indicial function is simplified as

(22)
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or

(23)

where  and  are the unit step functions. The time history of  is included in

figure 4 as a dashed line.

A difference in calculated downwash using indicial function given by equation (20) or (23), and the
effect of geometry and flight condition will be demonstrated on the harmonic motion of an aircraft.
Equation (9) has its frequency domain equivalent

(24)

which leads to the frequency response function

(25)

where  is the reduced frequency and

(26)

For the numerical evaluation of the Fourier integral in (26) it is advantageous to express the indicial
function  in the form

where the deficiency function follows from (20) and (21) as

(27)

Using equations (25) and (27) the frequency response functions relating the downwash and the lift takes
the form

(28)

The computed frequency response curve  for  and  is plotted in figure 5
as a vector diagram. In the same figure the frequency response curve based on the Cowley-Glauert’s
“lag-in-downwash” formulation
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is also given. For the presentation of differences in both downwash formulations and their variation
with the frequency and distance , the transfer functions  and  defined by the previous
two equations are expressed in terms of amplitudes and phase angles as

(30)

(31)

Then the amplitude ratio  for three different values of , 0.5 and 0.25 are plotted in
figure 6. Figure 7 shows the time delay between harmonic responses obtained from equations (28) and
(29) as

(32)

Considering the results in figures 5 to 7, the differences in both downwash formulations depend mainly
on two parameters, the reduced frequency, k, and nondimensional distance .The effect of nondimen-
sional tail arm  is rather small as follows from equations (20) and (21). The differences in
amplitude ratios increase with increased reduced frequency. Increased reduced frequency corresponds
with rapid maneuvers at low airspeed for an aircraft with long tail arm. On the other hand, these differ-
ences at given reduced frequency decrease with increased parameter . As to the differences in the time
delays, an increase in reduced frequency makes these differences, in general, smaller. At a given
reduced frequency the differences in time delays will decrease with the parameter  which is especially
apparent at low values of k, see figure 7. More detailed assessment of both downwash formulations can
be made only for specific aircraft geometry and flight conditions.

Lift and Pitching Moment

Returning to equation (4) the lift and pitching-moment coefficient are expressed as
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Contributions of the wing and tail to these coefficients can be found from the relations
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Combing equations (33) through (36) yields

(37)

(38)

where the deficiency functions are defined as

(39)

(40)

(41)

As mentioned earlier, the steady parts of indicial functions in equations (37) and (38) are aircraft stabil-
ity derivatives  and . The first two are usually formed as

(42)

(43)

where the contributions of the wing and tail are easily recognized. In these expressions
 and  are the lift curve slopes of the wing and tail respectively.

The derivatives  and  represent aerodynamic effects that accompany rotation of the aircraft

about its lateral axis while α remains constant. Both the wing and tail are affected by the rotation but the
wing contribution is usually negligible. A discussion of the damping term  due to wing in super-

sonic flight conditions is contained in reference 6. The contribution of the tail includes changes in the
lift on the tail due to increased angle of attack by  and changes due to effective angle of attack

at the tail caused by the pitching velocity of the wing. The latter change in the lift is discussed in refer-
ences 12 and 13 for supersonic flight regimes. Thus considering a contribution of the tail only, the
damping derivatives are approximated as

(44)
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(45)

Examples

In the following examples, the indicial functions  and  were computed using two sets
of data representing a fighter and transport aircraft. The geometrical characteristics of these aircraft are
summarized in table 2. The approximate expressions for the indicial functions of the wing and tail,

 and , and the gust lift function  were taken from reference 14. The func-
tions for given aspect ratios and argument  have the form

for fighter aircraft:

for transport aircraft:

The indicial functions  and  were computed from equations (20) and (23), indicial func-

tion  from equations (11) and (13). The resulting indicial functions  and 

were obtained from equations (35) and (36) as

(46)

(47)

assuming .

The three indicial functions of the fighter aircraft appearing on the right side of equations (46) and (47) 
are plotted in figure 8, the functions  and  in figure 9. The dashed lines in these figures 

indicate the “lag-in-downwash” approximation of the indicial function . Figure 10 and 11 

present the same functions as above for the transport aircraft. As expected, the form of the indicial func-
tions  for both aircraft was only slightly affected by different expressions for . This 

means that the model structure for  can be postulated as that for the wing alone, i.e.,

Cmq
2at

lt

c
----V t–≈

CLα
t( ) Cmα

t( )

CLwαw
t( ) CLtα t

t( ) CLtg
t( )

t ′ V t l⁄=

CLwαw
t ′( ) 3.77 1 0.283e

0.626t ′–
–( )=

CLtα t
t ′( ) 4.65 1 0.361e

0.442t ′–
–( )=

CLtg
t ′( ) 4.65 1 0.448e

0.336t ′–
– 0.272e

0.841t ′–
– 0.193e

3.48t ′–
–( )=

CLwαw
t ′( ) 4.65 1 0.361e

3.12t ′–
–( )=

CLtα t
t ′( ) 3.77 1 0.283e

2.20t ′–
–( )=

CLtg
t ′( ) 3.77 1 0.679e

3.23t ′–
– 0.227e

18.5t ′–
–( )=

εCL t ′( ) εCL
*

t ′( )

CLtαw
t ′( ) CLα

t ′( ) Cmα
t ′( )

CLα
t ′( ) CLwαw

t ′( )
St

S
---- CLtα t

t ′( ) CLtαw
t ′( )+( )+=

Cmα
t ′( ) hCLα

t ′( ) V T– CLtα t
t ′( ) CLtαw

t ′( )+( )=

Cma .c .
0=

CLα
t ′( ) Cmα

t ′( )

εCL t ′( )

CLα
t ′( ) εCL t ′( )

CLα
t ′( )



14

The structure for an adequate model for , on the other hand, could be strongly affected by
, evaluated either from equation (20) or (23). As mentioned previously, the decision between

using one of the forms for  will depend on the values of two parameters, k and . Assuming a
harmonic motion with ω = 4 rad/sec and V = 100 m/sec, and given geometry, then for the fighter aircraft
k = 0.08 and . Using figures 6 and 7 it can be found that the amplitude ratio,  and
time delay  sec. In this case, therefore, the Cowley-Glauert approximation for  would
be warranted. For the transport aircraft k = 0.96 and  which resulted in  and

 sec. In this case, equation (20) for  should be used. Then the model for  can be
postulated as

(49)

or

(50)

The plus functions in (49) and (50) are defined as

and similary for .

Equation (49) reflects sudden change in the downwash angle, whereas equation (50) takes into account 
gradual changes in the downwash. In equation (49) the value of  would be different from that based 
on Cowley-Glauert’s approximation of . The time  in both expressions might be close to 

. 

Concluding Remarks

Aerodynamic model equations for the longitudinal motion of an aircraft with horizontal tail were devel-
oped. The equations include unsteady effects modeled by linear indicial functions. These functions rep-
resent responses in the lift and tail alone, and interference between those two lifting surfaces. The
indicial functions for the lift on the wing and tail were modeled by a series of exponential functions. The
effect of the wing on the tail was formulated for two different expressions for the downwash angle at the
tail. The first expression used the Cowley-Glauert approximation known as “lag-in-downwash.” The
second took into account growth of the wing circulation and delay in the development of the lift by the
tail. From analytical expressions obtained and numerical examples, the following conclusions can be
drawn:

a) for harmonic motion the differences in calculated downwash using simple “lag-in-downwash”
concept and that with unsteady aerodynamics depend upon the frequency and airspeed of the
motion, on the distance between the wing trailing edge and tail leading edge, and on the wing
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span. These differences will increase for an aircraft with long tail arm performing rapid maneu-
vers at low speed. More detailed assessment of both concepts, however, can be made for speci-
fied aircraft geometry and flight conditions;

b) a model for the lift is only slightly affected by different approaches in computing the downwash
angle. For the preliminary studies and model identification, the model structure can be the same
as that for the wing alone;

c) in pitching-moment formulation the “lag-in-downwash” approximation is warranted for aircraft
with short tail arms. For aircraft with long tail arms, however, the expression with unsteady
terms should be considered. Then the resulting indicial function for the pitching moment can be
approximated by zero-order or first-order splines.
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Table 1. Summary of components of indicial functions expressing changes in lift due 
to unit step in angle of attack.

Component
Indicial 

Function Conditions Interpretation

1
lift response 
of isolated wing

2
lift response 
of isoloated tail

3
lift due to
downwash

4
lift due to  

(neglected)

Table 2. Geometrical characteristics of two 
aircraft.

Characteristic Fighter Transport

S, 27.9 511.0

b, m 9.14 60.0

, m 3.45 8.3

3.0 7.0

4.55 142.0

5.49 22.0
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6.6 3.4

L, m 4.59 30.0

l, m 2.00 24.0

0.22 1.0

h 0.05 0.05
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(a) Downwash delay.

(b) Gradual vortex sheet penetration.

Figure 1. Qualitative time histories of tail lift caused by unit step in wing angle of attack.

Figure 2. Location of bound and starting vortices.
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Figure 3. Vortex system used for computing downwash.

Figure 4. Sketched time histories of downwash indicial function and its approximation.
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Figure 5. Frequency response curve relating downwash at the tail and lift on the wing. 

Figure 6. Amplitude ratio of harmonic downwash from unsteady and Cowley-Glauert’s formulation.
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Figure 7. Difference in time delays of harmonic downwash from unsteady and Cowley-Glauert’s formulation.
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Figure 8. Indicial functions of wing and tail. Fighter aircraft.
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Figure 9. Indicial functions of wing-tail combination. Fighter aircraft.
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Figure 10. Indicial functions of wing and tail. Transport aircraft.
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Figure 11. Indicial functions of wing-tail combination. Transport aircraft.
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