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Abstract
A three-dimensional large eddy simulation
model is used to investigate the sensitivity of ambient
stratification with turbulence on the behavior of
aircraft wake vortices. Modeled ambient turbulence
levels range from very weak to moderate, and
stratification levels range from strongly stable to
unstable. The results of profound significance from
this study are: 1) very little sensitivity between vortex
linking time and the level of stratification, 2) the mean
vortex separation remained nearly constant regardless
of stratification and turbulence (at least prior to
linking), 3) the wake vortices did not rise regardless of
the level of stratification, and 4) for very strong
stratification, the vortex stopped descending and
quickly dissipated even before vortex linking could
occur. These results are supported by experimental
data and are contrary to conclusions from other
numerical studies that assume laminar flow and/or
relatively-low Reynolds numbers.
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Nomenclature
initial vortex separation
acceleration due to gravity
Brunt-Vaisala frequency - [(g/θ) ∂θ/∂z]0.5
2πN (bo)2/Γo
vortex core radius
vortex radius divided by bo
time coordinate
nondimensional time - t Vo / bo
initial vortex descent velocity-Γo/ (2 π bo)
horizontal coordinate along flight path
horizontal coordinate lateral to flight path
vertical coordinate
vortex circulation
initial circulation
turbulence (eddy) dissipation rate
kinematic viscosity
(H bo)1/3 Vo-1
potential temperature
I. Introduction
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The increase of air traffic volume is placing a
greater burden on the existing airport facilities. This has
brought about the need to improve the efficiency of the
existing airports, air traffic control, and aircraft
technology. The National Aeronautics and Space
Administration (NASA) is involved in improving air
traffic volume by investigating technologies that will
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increase traffic volume. This is being done through the
Terminal Area Productivity (TAP) program, which
contains the Reduced Spacing Operations (RSO) subelement. Within RSO, being directed by NASA’s
Langley Research Center, there is being developed an
Aircraft VOrtex Spacing System (AVOSS)1,2,3. The
purpose of AVOSS is to investigate how technology
may be used to improve airport capacity by increasing
the aircraft arrival rate, while insuring that trailing
vortices from a leading aircraft do not endanger
following aircraft. The current spacing of aircraft is
based on general relationship of how long wake
vortices from one aircraft may pose a threat to a
following aircraft. The AVOSS is designed specifically
to be a demonstration system and includes a wake
vortex prediction model that uses current weather-state
information.
The system also includes real-time
feedback from sensors to validate the accuracy of the
system predictions. Successful demonstration of the
system requires that aircraft spacing be safely reduced
from what is now currently acceptable during
instrument flight rules.
The success of AVOSS will require the
prediction model to be able to integrate the effects of
many different atmospheric variables such as
turbulence intensity, crosswind, and stratification upon
vortex motion and decay. The prediction model of
AVOSS is called the AVOSS Predictor Algorithm
(APA)4,5,6 which is being tested and extensively verified
with observational data collected during recent field
deployments7,8. Validated numerical models also can
be used to test how the APA behaves in extreme
conditions, or can be used to provide guidance for
additional development and accuracy. An advantage of
numerical models is that they allow the sensitivity of
specific atmospheric variables or groups of variables to
be studied in a controlled fashion. The two atmospheric
variables to be addressed in this paper are stratification
(via vertical change in temperature), and ambient
turbulence intensity.
The atmosphere which wake vortices are
embedded is rarely laminar, even under the presence of
strong stratification. The combination of turbulence,
stratification, and vortex systems with Reynolds
numbers (Γo/ν) of the order of 107, is necessary to
adequately model vortex dynamics that are
representative of the real world. Previous numerical
studies9,10,11,12 have been conducted at low-Reynolds
number and have not combined all of the three
aforementioned parameters in their models.
Consequently, their findings have not always been in
agreement with experimental13 and field data14

Disagreements have been held for some time
regarding the influence of stratification on vortex
Realistic numerical
separation and descent.15
simulations are needed in order to address the
controversies regarding stratification effects on wake
vortex transport. As outlined by Spalart16, four
positions are currently held regarding the effect of
stable stratification on vortex descent:
1.
2.
3.
4.

the wake vortices descend then rise, oscillating
at roughly the Brunt Visalia frequency;
the descent rate decreases and stops with the
decay of the vortices;
the descent continues at an increasing rate; or
the descent rate slows then increases.

Controversies also exist regarding whether the vortex
separation changes or remains nearly constant when
influenced by stratification.
In order to investigate the influence of
stratification within realistic atmospheric environments,
the present study utilizes a three-dimensional, largeeddy simulation (LES) model called the Terminal Area
Simulation System (TASS)17. The TASS model is a
suitable tool to combine stratification, turbulence and
high Reynolds number flow. Furthermore, in previous
wake vortex investigations, TASS has demonstrated
good agreement with observational data17,18,19, 20,21.
In this study, TASS simulations are conducted
for five intensities of stratification in conjunction with
three levels of ambient turbulence intensity. The
stratification ranges from strongly stable to unstable.
The turbulence levels range from moderate to very
weak (relative to typical atmospheric boundary layer
turbulence).
The results are compared with
experimental data. Also examined is the sensitivity of
linking time, or time required for a vortex pair to
connect, as a function of atmospheric stratification and
turbulence intensity.
In addition, some of the
controversies regarding wake vortices within stratified
environments are addressed.
Model Description
The Terminal Area Simulation System (TASS)
is a time-split compressible, LES, numerical model
formulated within a meteorological framework17. The
TASS model is currently being used in NASA’s wake
vortex program to model and understand how aircraft
trailing vortices interact with the atmosphere. The
model can be used in either two or three-dimensions
and consists of prognostic equations: for momentum,
potential temperature, pressure deviation, and a
massless tracer. [Formulations for water substances are
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included in TASS, but omitted in the following
description since they are not used in this study.]
The TASS equation set in standard tensor
notation is as follows:
Momentum:
∂ ui u j
∂u j
∂ ui
H ∂p
+ g (H- 1 ) /i 3
+ ui
+
=∂t
∂ xj
∂ xj
!o ∂ xi
1 ∂ 2 ij
+
!o ∂ x j
Buoyancy Term:
H=[

9
9o

-

K M = (c s ∆ )2 D (1 − α1 Ri S − α 2 Ri R )
where KM is the subgrid eddy viscosity, ∆ is the filter
width, D is the rate of deformation, and RiS and RiR are
the Richardson numbers due to stratification and
rotation, respectively. The remaining terms, cs=0.16,
α1=3.0, and α2=1.5 are constants. The filter width is
based on the minimal resolvable scale:

∆ = [ 2 ∆x 2 ∆y 2∆z ] 1 /3
where ∆x, ∆y, and ∆z are the numerical grid sizes in the
respective x, y, z direction.
The simulations assume fully-periodic
boundary conditions, and thus represent the free
atmosphere with no ground effect.

p Cv
]
Po C p

II. Initial Conditions and Model Parameters
Pressure Deviation:
Cp P ∂u j
∂p
+
= !o g u j / j 3
∂t
CV ∂ x j
Thermodynamic Equation (Potential Temperature):
9 ∂ !o u j
∂9
1 ∂9 !o u j
1 ∂Sj
=+
+
∂t
!o ∂ x j
!o ∂ x j
!o ∂ x j
with the Potential Temperature being defined as:
Rd
Poo  C p


9# #7#

 P 

where θ is conserved for dry adiabatic processes.
In the above equations, ui is the tensor
component of velocity, t is time, p is deviation from
atmospheric pressure P, T is atmospheric temperature,
ρ is the air density, Cp and Cv are the specific heats of
air at constant pressure and volume, g is the earth's
gravitational acceleration, Rd is the gas constant for dry
air, Poo is a constant equivalent to 1000 millibars (105
pascals) of pressure. Environmental state variables are
defined from the initial input sounding and are
functions of height only.
The subgrid flux terms, τij for momentum and
Sj for potential temperature, are approximated with first
order closure. The subgrid eddy viscosity is determined
from a modified Smagorinsky model22 given by the
following relationship for the subgrid eddy viscosity:

A wake vortex simulation is initialized by
combining stratification, a well-developed ambient
turbulence field, and the initial wake vortex field.
In order to isolate stratification and turbulence
effects, the vortex environment assumes neither
environmental winds nor any ground effects.
Therefore, the wake vortices are affected only from the
influence of the stratified environment and ambient
turbulence.
Vortex Parameters
The initial vortex system used in this study is
representative of the pair of counter-rotating trailing
vortices which are formed downstream of a generating
aircraft. The initial vortex velocity field for this system
is from Proctor17, and does not include any initial axial
velocity. The vortex parameters assumed in all of the
experiments are given in table 1.
Table 1. Initial vortex parameters used for all
numerical experiments.
Parameter
Value
Vortex spacing (b0)
36 m
Vortex core radius (Rc)
4.5 m
(b0 /8)
360 m2/s
Vortex circulation (Γo)
Stratification parameters
The five different stratification levels chosen
for this study are given in table 2. The first level,
N*=1.0, represents a very stable stratification. The last
level corresponds to an unstable stratification hence the
complex imaginary value for N.
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Turbulence Initialization
First, a baseline ambient turbulence field is
created in the absence of stratification. As in Han et
al.,20,23 the resolved-scale turbulence is generated by a
two-step process. First, the domain velocities are
initialized by a random number generator such that
continuity is enforced.
Then, energy is added
uniformly at wavenumbers less than 3 via a forcing
function. The simulation is carried out until the
magnitude of the total kinetic energy (TKE) of the
domain reaches a quasi-steady state. Figure 1 shows
turbulence spectra prior to injecting the wake vortices.
The wave number has been scaled such that κ=1 is the
initial vortex spacing (bo). The turbulence is nearly
isotropic and contains a well-defined inertial subrange.
The spectra in this figure are from the case with the
strongest turbulence intensity level, and correspond to a
moderate turbulence intensity level in the lower
atmosphere24.
The three values of turbulence intensity chosen
for this study are given in table 3. The appendix gives
the details of how the TKE of the baseline turbulence
field is then scaled to create the other two desired
turbulence levels.
These turbulence intensities
represent typical levels experienced during the early
morning hours in the lower atmosphere with the very
weak level corresponding to calm conditions24.
Table 3. Ambient turbulence intensity levels used for
the numerical study. The bold value represents the
unscaled turbulence intensity.
Turbulence Intensity
ε*
ε (m2/s3)
-3
Moderate
1.35 x 10
0.23
Weak
4.0 x 10-5
0.07
-7
0.01
Very Weak
1.0 x 10

Energy κ-1 (m3/s2)

Table 2. Ambient stratification levels used for the
numerical study.
∂θ o
N*
N (s-1)
( C/km)
∂z
1.0
4.42 x 10-2
54.2
-2
0.5
2.21 x 10
13.6
0.375
1.66 x 10-2
7.62
0.0
0.0
0.0
-2
-5.90
1.46 x 10
−1
-.33 − 1
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Figure 1. Turbulent spectra for the TASS model
domain prior to vortex insertion. The solid, thin
transferse and longitudinal lines represent the
theoretical –5/3 slope of the inertial subrange, whereas
the dotted and dashed lines represent TASS field
spectra.
Each case simulation is initialized by the
following procedure. First, the vortex is initialized
within a specific stratification level without any
ambient turbulence.
Next, the baseline ambient
turbulence field is scaled to create the desired
turbulence level. Finally, the velocity and pressure
fields from the non-turbulent vortex and the ambient
turbulence are combined just prior to the start of the
simulation.
Model domain parameters
The model domain parameters are shown in
table 4. The crossflow width and height are optimally
chosen to minimize computing time and reduce
interactions with image vortices. The axial domain
length is long enough to model the development of the
Crow instability for which the maximum theoretical
wavelength is 8.6 b0.25
Table 4. Three-dimensional model domain parameters
used for the numerical study.
Parameter
Value
Crossplane width/height (Ly, Lz) 216 m
(6 b0)
Axial length (Lx)
648 m (18 b0)
1.5 m (b0/24)
Crossplane resolution ('y,'z)
2.0 m (b0/18)
Axial resolution ('x)
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Numerical experiments performed
Simulations
are
performed
at
each
stratification level for the moderate and weaker
turbulence intensity levels. Table 5 displays the
groupings of the ten simulations. Note that the lowest
value of turbulence intensity has been chosen only for
the strongly stratified case. Together these cases
encompass typical levels for both stratification and
turbulence experienced in the lower atmospheric
boundary layer. All simulations in this study assume a
rotational Reynolds number of (Γo/Q) of ~ 107, as is the
case for atmospheric wake vortices.
Table 5. Matrix of stratification and turbulence
intensity levels used for the numerical study.
Stratification
Moderate
Weak
Level
Turbulence
Turbulence
N* = 1.0

0.23

0.01

N* = 0.5

0.23

0.07

N* = 0.375

0.23

0.07

N* = 0.0

0.23

0.07

N* = -0.33

0.23

0.07

Runtime parameters
Circulation is computed for each vortex where
the vorticity vector is within 30° of the crossflow plane
vector. The circulation at a given radius is then
computed by the following relationship:
+r =

∫∫ 7G$ ,

where ζ is the axial component of vorticity. The
restriction on vortex alignment minimizes any artificial
decay of circulation due to skewness with the axial
vorticity vector. However, the position of a vortex is
still used regardless of the skewness of the vorticity
vector with the crossflow plane. The actual circulation
value used in this study is an averaged value given by
the following relationship:
b

Γ

a ,b

=

∫ + r dr

a

b

,

∫ dr

In addition to the circulation, four other
parameters are monitored during the course of each run.
They are height, lateral separation, descent velocity,
and linking factor. The first three parameters are
domain average quantities for each vortex of the
system. The domain average is computed from the
mean values of all crossflow planes where a vortex is
found. The criterion for a valid vortex is when the
tangential velocity exceeds 4.85 m/s.
The final
parameter or growth parameter, the linking factor, is
defined as:25

β( t ) =

bmax − bmin
,
bmax + bmin

where bmax and bmin are the maximum and minimum
lateral vortex separation in a given plane, respectively.
The vortex system is considered linked when the
linking factor is 0.85 or greater and coherent ring-like
structures are present.
III. Results
The model results are first compared with
experimental data for the vortex time to link and height
profiles. Next, after establishing the accuracy of the
model, three-dimensional perspectives of the vortex
system are examined for the weaker turbulence levels.
Finally, the domain mean quantities for position and
circulation are presented.
Experimental Comparisons
As in a previous study with the TASS model
for neutral stratification, the vortex linking time was
found to be a function of nondimensional eddy
dissipation23. The present study includes the influence
of stratification on vortex linking time. The results
showed very little influence from stratification.
However, the cases with N*=1.0 did not link before the
vortex dissipated.
This agrees with previous
experimental data showing linking did not occur when
N* is greater than 0.7513. The time variation of the
growth parameter for the cases that linked is shown in
fig. 2. Each of the turbulence levels shows an
exponential growth rate that is independent of the level
of stratification.
Furthermore, the increase of
turbulence reduces the vortex time to link. The
exponential growth rates in fig. 2 are similar to those
presented in fig. 10 of Sarpkaya13.

a

For this paper, the average circulation is taken from
a=5 to b=15 meters, which is a suitable metric for
representation of the vortex hazard26.
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Figure 2. Time variation of vortex linking factor for
cases where linking occurred.

Figure 3. Vortex time to link as a function of eddy
dissipation rate. The results from the current study are
represented by the diamonds.

Figure 3 shows a comparison of the time to
link with experimental data27, and theory28,29, and
previous TASS results23. The present TASS results
closely match the theoretical predictions of Sarpkaya
irrespective of stratification.

Figures 4-6 display excellent agreement with
the laboratory results. Specifically for N*=1.0, the
results show little dependency upon the intensity of
turbulence.

0

-1
Normalized Height

The comparison of vortex descent with
experimental results of Sarpkaya13 is shown in fig. 4-6.
In each of these figures are results from TASS
assuming turbulent and laminar flow. The presence of
turbulence, albeit very weak, inhibits any acceleration
in the descent as is apparent in the laminar simulation.
For strong stable stratification with turbulence, the
vortex descent stops and the vortices rapidly decay.
Although the laminar simulations show a rapid
acceleration after a stall, this is not likely to occur
because the atmosphere is rarely laminar. For the
N*=1.0 case, the presence of turbulence rather than its
magnitude appears to be significant, since the results
from the weak and moderate turbulence intensity are
essentially the same. Not in any of the cases did the
stable stratification cause the vortices to rise. These
experiments demonstrate that high Reynolds number
flow with turbulence is required to correctly model
atmospheric wake vortices in stratified environments.

Vortex Descent in Stratified Fluid
N*=1.0

-2

TASS, laminar
TASS, ε*=0.01
TASS, ε*=0.23
Sarpkaya experimental data

-3

-4

0

1

2

3

4

5

Normalized Time

Figure 4. Comparison of TASS model results from
turbulent and laminar simulations with experimental
data from Sarpkays13 at strong stratification (N*=1.0).
The dotted, dashed and solid lines represent laminar,
weak turbulence, and moderate turbulence results,
respectively.
TASS Model Results Analysis
The orthographic projection of the threedimensional vortex domain is shown in fig. 7-9. In
each figure, the vortex is identified by the second
eigenvalue, λ2, of the symmetric tensor S2 + Ω2, where
S and Ω are the symmetric and antisymmetric
components of the stress tensor ∇u, respectively30.
Han23 et al. applied this method of vortex identification
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and showed the isosurface of negative values of λ2 to
capture the structure of the vortex system very well.
Vortex Descent in Stratified Fluid
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Figure 5. Same as figure 4, but for stratification of
N*=0.5.
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In fig. 8, the results at the same turbulence
intensity for N*=0.5 are shown. Similar trends are
reproduced, namely the uniform descent, the bending of
the isosurface, and the time of vortex linking. The
important difference is the onset of small-scale
instabilities around T*=2.5. Rapid dissipation occurs at
T* of 4.3, where the vortex lateral separation is a local
maximum.
The strongly stratified case with very weak
turbulence is shown in fig. 9. The two striking
observations for this case are: 1) the wavelengths of the
sinusoidal instabilities are much smaller than 8.6 b0,
and 2) the vortex dissipates well before the theoretical
time to link of 7.3 T*. The shorter wavelengths prevent
vortex linking while also seeming to accelerate the rate
of decay of the system. The vortex never develops an
instability with wavelengths greater than b0 prior to
dissipating. The N*=0.5 case in fig. 8 showed both the
long and short wavelength instabilities. This suggests a
critical level of stratification somewhere between 0.5
and 1.0 where the short waves dominate.
The dynamics of the vortex evolution can be
viewed in another format. The evolution of the radial
profile of mean circulation and tangential velocity are
shown in fig. 10. The plots in this figure are for the
same cases as in figs. 7-9. The neutral stratification
(N*=0.0) shows the strength of the vortex to be
maintained up to the linking time. The decrease of
circulation for the N*=0.5 case is more rapid and
mostly uniform with radius. For the N*=1.0 case, two
different decay mechanisms are evident. Early on, the
circulation decays at the outer edge (R*>0.6) while the
inner region remains nearly unchanged up until T*=2.0.
The decay at the outer edge most likely results from
opposite sign vorticity generated by the stratification
while the inner region decay is due to turbulence. The
tangential velocity shows that the core radius remains
constant up to vortex dissipation.
This figure
demonstrates that the circulation near the core remains
strong until the time of vortex dissipation.

Figure 6. Same as figure 4, but for N*=0.375
stratification.
The time evolution for neutral stratification
(N*=0) shows the larger wavelength instability due to
Crow but no small-scale instabilities (fig. 7). The
vortex system descends uniformly until vortex linking
occurs around T* of 4.3. After which time, the regions
of reduced lateral separation accelerate downward
creating a bending of the isosurface in the side view.
After the linking time, the vortex system degenerates
into a series of rings that quickly dissipates (not
shown).
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Figure 7. Time evolutions of orthographic projections of the vortex structure of TASS model results for the case
N*=0 and ε*=0.07. The projections are shown at four nondimensional times. The last time corresponds to the
theoretical time to link. The time for each top, side, and end view is labeled to the left of each row. The domain
dimensions are shown at the bottom row and are given in bo units.

Figure 8. Same as figure 7, but for N*=0.5.

8
American Institute of Aeronautics and Astronautics

Figure 9. Same as figure 7, but for N*=1.0 and ε*=0.01. The last time is shortly before the vortex dissipates.
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Figure 11. TASS model results for moderate turbulent intensity level (ε*=0.23). The figures are as follows: a) is
the normalized vortex height, b) is the normalized descent velocity (positive downward), c) is the normalized
separation, and d) is the vortex circulation. The dotted, solid, dashed, dash-dot and long dashed lines correspond to
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Figure 12. Same as figure 11, but for weaker turbulent intensity levels (ε*=0.07 or 0.01). The very weak turbulent
intensity level is only for the N*=1 case.
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The vortex mean quantities for all moderate
turbulence level cases are shown in fig. 11 and for weak
turbulence cases in fig. 12. Figures 11a and 11b show
that the unstable stratification maintains the greatest
descent rate, while in contrast, the N*=1.0 results show
the descent velocity to quickly diminish with the vortex
dissipating thereafter. The vortex spacing for all
moderate turbulence cases (fig. 11c) remain nearly
constant. The circulation for all moderate turbulence
cases (fig. 11d) shows stratification begins to become
significant for values of N* greater than 0.5.
For the weaker turbulence intensities, the
descent of the vortex system is sustained longer (fig.
12b). For the unstable stratification, (N*=-0.33) the
generation of same sign vorticity increases the vortex
descent rate. This rate of descent remains greater than
the vortex initial value until near the end of the vortex
lifetime. The vortex separation remains nearly constant
(fig. 12c) except for increasing slightly for unstable
stratification and increasing slightly for stable
stratification. The changes in vortex separation for the
weak turbulence case are slightly greater than the
changes for the moderate turbulence cases (cf., fig 11c).
IV. Summary and Conclusions
This study of aircraft wake vortices within
turbulent, thermally stratified domains without surface
effects has been performed using a validated threedimensional LES model.
The case simulations
encompassed turbulence and stratification levels typical
of the lower atmosphere. The results show that
turbulence and high Reynolds numbers are required to
properly model the evolution of vortices in stratified
fluids.
The primary conclusions of this study are:
1.

the descent was arrested by the stratification,
and the vortices decayed rapidly after stalling.
6.

The presence of the slightest amount of
turbulence is necessary to properly model
vortex dynamics in stratified domains.
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Appendix -- Turbulence Scaling
The turbulence intensity level is related to the
TKE by the following relationship:

(TKE )3 2

=C0,

where C is a proportionality constant. Therefore, the
scaling of the TKE will also scale the eddy dissipation
rate. Introducing a scaling constant into the above
equation gives:
 TKE 


 . 

3

= (TKE new )

2

3

2

≅ C 0 new ,

where α is the scaling constant. The scaling of the
TKE is achieved by scaling the velocity components.
The definition of TKE is needed to determine how the
scaling constant is to be applied to the velocity
components. TKE is defined as:

Strong stable stratification may suppress
vortex linking; otherwise, stratification alone
has negligible effect upon vortex linking time.

TKE ≡

2.

The critical stratification level above which
vortices no longer link is between 0.5 and 1.0.

where U, V, and W are the velocity components.
Introducing the scaling parameter into the above gives:

3.

In strong stratification, a vortex may contain
hazardous circulation levels near the core until
just prior to dissipating.

TKE new ≡

The mean vortex separation remains nearly
constant until either the vortex decays or
linking occurs.

Define the scaled velocities as:

4.

5.

Aircraft wake vortices were not found to rise
within realistic atmospheric environments
containing strong stable stratification. Instead,

U* ≡

1
2

U
.

∑ (U

1
2

2

∑

)

+ V2 + W2 ,

  U 2  V 2  W 2 

 .
 +
 +
  .   .   .  



, V* ≡

V
.

, and W * ≡
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W
.

,

then the new TKE becomes:
TKE new ≡

1
2

∑  (U ) + (V ) + (W )  .
* 2

* 2

pressure to maintain mass continuity without disturbing
the balance between pressure and momentum.

* 2

The first test is to determine if the scaling
parameter affects mass continuity. For incompressible
flow:
∂U ∂V ∂W
+
+
= 0.
∂x ∂y ∂z

1

Substituting the relationship for the scaled velocity
components into the mass continuity equations gives:
 ∂U * ∂V * ∂W * 
=0.
+
+
. 
∂y
∂z 
 ∂x

Therefore, mass continuity is maintained by the scaling
of the velocity components.
The next test is to determine how scaling
affects the momentum equations. The momentum
equation in the x direction for an incompressible,
adiabatic, and neutrally stratified fluid can be written
as:
∂U
∂U
∂U
∂U 1 ∂P
=0,
+U
+V
+W
+
∂t
∂x
∂y
∂z ! ∂x
where t represents time and P pressure. Substituting the
scaled velocity components into this momentum
equation results in the following:
.

 ∂U *
∂U *
∂U *
∂U *  1 ∂P
+ . U *
+ V*
+ W*
=0
+
∂t
∂x
∂y
∂z  ! ∂x


Introducing the following relationships for time and
pressure:
t * ≡ t . , and P* ≡
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