Abstract
The economic viability of a supersonic commercial transport airplane
would be much enhanced if it could y supersonically over land. E orts
to design an airplane to produce a minimized sonic boom at the ground
require knowledge of the impact of sonic booms on people. Loudness,
being a fundamental and well-understood characteristic of human hearing, was chosen as a means of quantifying the magnitude of sonic boom
impact on people. This paper describes in detail a procedure that can be
used to calculate the loudness of sonic booms. The procedure is applied
to a wide range of sonic booms, both classical N-waves and a variety of
other shapes of booms. The loudness of N-waves is controlled by overpressure and the associated rise time. The loudness of shaped booms
is highly dependent on the characteristics of the initial shock. A comparison of the calculated loudness values indicates that shaped booms
may have signi cantly reduced loudness relative to N-waves having the
same peak overpressure. This result implies that a supersonic transport designed to yield minimized sonic booms may be substantially more
acceptable than an unconstrained design.

Introduction

The National Aeronautics and Space Administration (NASA), in conjunction with major aerospace
companies, is investigating the technical and economic feasibility of a new generation of supersonic
transport airplanes. The rst phase of this investigation is aimed primarily at addressing critical environmental concerns about atmospheric impact, airport
noise, and sonic boom. The possibility that engine
emissions might cause major perturbations to stratospheric chemistry, leading to depletion of the ozone
layer, must be explored thoroughly and resolved before serious consideration can be given to the development of a supersonic transport. Public acceptance
of such a transport will also depend on its ability to
meet airport noise level standards currently applied
to newly designed subsonic transports. In addition,
this NASA/industry program aims to establish either
that supersonic ight over land with acceptably low
levels of sonic boom can be assured or that design for
subsonic cruise over land will not unduly compromise
the economic viability of the aircraft.
Considerable e ort is being devoted to an examination of the feasibility of designing and operating a supersonic transport that will yield a sonic
boom acceptable to the a ected population. Current supersonic airplanes produce a sonic boom at
ground level that is generally referred to as an
N-wave. Such a pressure disturbance is characterized by a rapid rise to a maximum positive overpressure, which is followed by a relatively slow decay to a below-ambient pressure, and then an abrupt

return to atmospheric pressure. Theoretical analyses suggest that precise tailoring of the volume and
lift distributions of a supersonic airplane can yield a
sonic boom at ground level that di ers from the conventional N-wave. Therefore, appropriate methods
are required to assess sonic boom impact in order to
guide the design and operating conditions of the airplane. There is no consensus within the regulatory
and scienti c communities regarding the appropriate
metric for sonic boom assessment. Loudness, being
a fundamental and well-understood characteristic of
human hearing, was chosen for this study as a means
of quantifying the magnitude of sonic booms.
The purpose of this paper is to describe in detail
a procedure that can be used to calculate the loudness of sonic booms. This procedure is based largely
on an approach described by Johnson and Robinson
(ref. 1). Their approach utilized a loudness calculation procedure that had a low frequency limit of
50 Hz. Since the dominant acoustic energy of sonic
booms is well below this frequency, they proposed an
ad hoc method to incorporate this low frequency energy. The procedure proposed in this paper utilizes a
more recent loudness calculation procedure that extends the frequency limit to 1 Hz. The procedure
is applied to a wide range of sonic booms, and particular emphasis is given to an examination of the
loudness of sonic booms that di er in shape from
the classical N-wave. Finally, estimates are made of
the loudness of sonic booms as they would be heard
indoors, based on the measured noise reduction provided by typical dwellings.
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Symbols
A; B
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F (! )
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T1 ; T2 ; T3
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WA
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rst and second pressures, respectively, shown in gure 3, N/m2
= T1 + T2
Fourier transform
frequency, Hz
p
= ,1
peak overpressure (see g. 1), N/m2
pressure, N/m2
time parameters shown in gures 1
and 3
time, sec
A-weighting
C-weighting
rise time, sec
frequency, radians

Loudness Calculation Procedure

Several approaches have been proposed for assessing the impact of sonic booms on people (refs. 1{3).
The American National Standards Institute (ref. 2)
has adopted the C-weighted sound pressure level.
The choice of C-weighting, which emphasizes low
frequencies relative to other noise impact metrics
such as A-weighting or Perceived Noise Level, is an
attempt to incorporate the e ects of structural vibrations and the resulting rattling of objects. The
A-weighted sound pressure level has been proposed
by Brown and Haglund (ref. 3) so that sonic booms
can be assessed by the same method commonly used
for subsonic airplane yover noise. Since the purpose of this paper is to examine human response to
relatively small di erences in sonic boom signatures,
a more sophisticated loudness calculation procedure
has been adopted. The appendix contains convenient
methods for the calculation of A- and C-weighted
sound pressure levels for sonic booms.
The following sections describe the steps required
to calculate the loudness of sonic booms. The approach requires the pressure time history of the sonic
boom signature as input. This time history is transformed into the frequency domain and then converted
into an e ective one-third octave band sound pressure level spectrum. The loudness of the sonic boom
is then calculated by using this spectrum.
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Energy Spectrum of Sonic Booms
N-wave sonic booms. Several investigators

(refs. 1 and 4{7) have derived expressions for the
spectrum of an N-wave sonic boom. Using the
nomenclature given in the pressure function of gure 1 gives the Fourier transform

F (! ) =

Z T2

p(t) e,i!t dt

,T2

which is found to be
!T1 , T1 sin !T2 )
F (! ) = i2P (T2 sin
! 2T1 (T2 , T1 )

(1)
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Figure 1. N-wave sonic boom signature.

De ning  = T2 , T1 and D = T1 + T2 yields
the following expression which is equivalent to those
derived in references 1 and 6:
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For the case of instantaneous rise time (T2 , T1
= 0), equation (1) reduces to

F (! ) = i2P(sin !T1!,2T!T1 cos !T1 )
1
which is equivalent to Howes' formulation (ref. 5)
2
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since, in this case, D = 2T1 .
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The function jF (! )j2 determines the energy spectral density that is presented in gure 2 for an N-wave
having a peak overpressure of 50 N/m2 , a total duration (2T2 ) of 0.35 sec, and a rise time ( ) of 0.008 sec.
The energy spectrum level in the gure is given per
Hertz, the reference pressure is 2  10,5 N/m2 , and
the reference time is 1 sec. The function cycles
rapidly between successive zeros which, after the rst
few cycles, are equispaced at intervals of 1/D in frequency. Above about 40 Hz (indicated by the dashed
line in g. 2 at 1= Hz), the maxima are seen to be
modulated at a much slower rate. This rate is determined by the rise time of the N-wave.

Figure 2. Energy spectrum of N-wave sonic boom with peak
overpressure of 50 N/m2, rise time of 0.008 sec, and total
duration of 0.35 sec.

As long as the rise time is much shorter than
the total duration, the envelope of the spectrum can
be represented by the following three straight-line
segments:
1. At the lowest frequencies, the spectrum level rises
at 6 dB/octave
p and peaks at a frequency of approximately 3=D Hz. The amplitude at this
frequency is controlled by the peak overpressure
and total duration (jF (! )j2 = P 2D2 =3).
2. The spectrum level then decays at 6 dB/octave to
a frequency equal to 1= . At this frequency, the
amplitude is controlled by the peak overpressure
and rise time (jF (! )j2 = P 2  2 ).
3. Above this frequency, the spectrum level decays
at 12 dB/octave.
Examining the e ects of changes in the parameters de ning an N-wave is instructive. For the

case of zero rise time, the third straight-line segment
(12 dB/octave) does not occur; the spectrum level
merely continues to decay at 6 dB/octave. A doubling of overpressure just raises the entire spectrum
by 6 dB. A doubling of the total duration increases
the maximum spectrum level by 6 dB and halves the
frequency at which the maximum occurs. The net
result is an increase of 3 dB in the energy content
of the signal. The maximum in the spectrum moves
along the line having a negative slope of 6 dB/octave
so that only the lowest frequencies are a ected by
a change in total duration. A doubling of rise time
halves the frequency at which the transition occurs
to the 12-dB/octave segment. Thus, the rise time
for constant overpressure controls the high frequency
content of the spectrum.

Shaped booms. For a long airplane (e.g., 100 m
long), it has been suggested (refs. 8 and 9) that the
mid eld sonic boom pressure signature may not have
fully evolved into an N-wave at ground level. Thus,
an airplane can possibly be designed and operated
to yield a sonic boom that di ers from an N-wave
in such a way that the impact on people is reduced.
Darden's approach (ref. 9) permits minimization of
either the initial shock or the maximum overpressure
of the signature by means of careful tailoring of the
airplane volume and lift distributions. These two
possibilities are illustrated in gure 3. A front-shock
minimized signature ( g. 3(a)) is characterized by
an initial shock of short rise time followed by a more
gentle rise to the peak overpressure. The case of a
at-top signature (A = B in g. 3(b)) is frequently
referred to as having minimized overpressure.
From using the nomenclature of gure 3(a), the
Fourier transform of the shaped signature was found
to be
F (! ) = i2A (T3 !sin2T !T(T2 ,,TT2 )sin !T3 )
2 3
2




i2 B , A TT21 (T2 sin !T1 , T1 sin !T2 )
+
! 2T1 (T2 , T1 )
Examination of this equation reveals that the rst
expression is equal to the Fourier transform of an
N-wave having a peak overpressure of A and a rise
time of T3 , T2 . The second expression corresponds
to an N-wave having a rise time of T2 , T1 and a
peak overpressure of B , (AT1 =T2 ). Thus, the shaped
sonic boom of gure 3(a) may be considered to be
a combination of two N-waves. The rst N-wave is
de ned by the initial shock amplitude (A) and its
associated (short) rise time, and the second by a
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relatively long rise time having the amplitude de ned
previously. This is illustrated in gure 3(c).
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Figure 4. Energy spectrum of at-top sonic boom.

(a) Front-shock minimized signature.
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(c) Front-shock minimized signature showing combination of
two N-waves.
Figure 3. Shaped sonic boom signatures.

An example spectrum for a shaped sonic boom is
presented in gure 5. Once again, the initial rise time
was chosen to be 0.008 sec with a duration of 0.35 sec
and an initial shock amplitude A of 50 N/m2. The
secondary rise time is 0.04 sec and the peak overpressure is 100 N/m2 . At the lowest frequencies, the spectrum level is 6 dB higher than the
N-wave spectrum of gure 2 because of the doubling of overpressure. Above about 10 Hz, the
envelopes of the N-wave and shaped-boom spectra are remarkably similar, with the latter distinguished by more erratic modulations because of
the e ect of the secondary rise time. It is apparent that at the lowest frequencies, the spectrum of
the shaped boom is controlled by the peak overpressure and duration. This illustrates that a
shaped boom, with a far higher overpressure than an
N-wave, can contain similar acoustic energy except at
the very lowest frequencies where the human ear is
extremely insensitive. Assuming that the secondary

For the case of a at-top signature (A = B in
g. 3(b)), the previous equation reduces to
1 , T1 (sin !T3 , sin !T2 )]
F (!) = i2A [(T3 , T2) sin!2!T
T (T , T )
1

3

2

A spectrum of a at-top signature is presented in
gure 4 in which the total duration is 0.35 sec, the
peak overpressure is 50 N/m2, the initial rise time
(T3 , T2 ) is 0.008 sec, and the secondary rise time
(T2 , T1 ) is 0.04 sec. This spectrum is virtually indistinguishable from the spectrum of the N-wave ( g. 2),
which has the same duration and peak overpressure
and a rise time equal to the initial rise time of the
at-top signature.
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Figure 5. Energy spectrum of front-shock minimized sonic
boom.

rise time is substantially longer than the initial rise
time, the spectrum levels of a shaped boom will
generally be controlled by the initial shock amplitude
and rise time at all but the lowest frequencies.

One-Third Octave Band Sound Pressure
Level Spectrum

The energy within any arbitrary waveform p(t) is
proportional to
Z1

,1

[p(t)]2 dt

which is equal to

1 Z 1 jF (! )j2 d! = 1 Z 1 jF (! )j2 d!
2 ,1
 0

by Parseval's theorem and the fact that jF (! )j is an
even function of ! .
The energy E within any frequency band !1 to
!2 is thus
1 Z !2 jF (! )j2 d!
(3)
E=
!1

The calculation of one-third octave band energy levels can thus be performed by using a suitable numerical integration method. This calculation can be
checked by summing the energy over all bands and
con rming that the result is equal to the integral of
[p(t)]2 . This integral, which is independent of the rise
time, is given as
Z1

,1

[p(t)]2 dt = 23 P 2 T2

for the N-wave in gure 1 and is given as
Z1

,1

h
i
[p(t)]2 dt = 23 (A + B )(BT2 , AT1) + A2T3

for the shaped boom in gure 3.
In order to apply a loudness calculation procedure, it is necessary to convert the one-third
octave band energy levels into equivalent one-third
octave band sound pressure levels. Loudness calculation procedures are designed for use with sounds
that are continuous in time, and one-third octave
band sound pressure levels are typically required as
input. In order to use the one-third octave band energy levels described previously (having dimensions
of (Pressure)2  Time) in a loudness calculation
procedure, they must be converted into equivalent
one-third octave band sound pressure levels (having

dimensions of (Pressure)2 ). The procedure recommended by Johnson and Robinson (ref. 1) has been
adopted. This procedure is based on the assumption that although the duration of a sonic boom from
a commercial transport is 200{400 msec, the sound
energy in the audio frequency range is contained in
the two pulses that occur at the front and rear of
the waveform. Furthermore, it is assumed that these
pulses have durations that are shorter than the critical time of the auditory system. This critical time is
the time necessary to evoke a full auditory response,
with the result that the loudness of acoustical stimuli of shorter duration is governed by sound energy.
A sound having a duration longer than the critical
time will evoke no greater sensation of loudness no
matter how long it persists, and therefore loudness
is controlled by sound intensity in this instance. According to Johnson and Robinson (ref. 1), the value
of this critical time is approximately 0.07 sec. Thus,
the calculated band energy levels are divided by 0.07
and converted to sound pressure level by using the
standard reference pressure of 2  10,5 N/m2 .
As noted previously, the sound energy in the audio frequency range is contained mostly within the
two pulses that occur at the front and rear of the
waveform. For any supersonic transport the time between these pulses will be much greater than the auditory critical time, and the two pulses will be heard
as distinct events. However, the energy spectral density functions presented previously included the entire waveform; thus, the sound pressure levels should
be reduced by 3 dB before calculating loudness. This
correction assumes that the waveform is symmetrical, both front and rear, so that the two pulses will
be equally loud.

Calculation of Loudness Level

The loudness method selected for this investigation is Stevens' Mark VII (ref. 10). This method
is in contrast to that used by Johnson and Robinson
(ref. 1). The equal loudness contours in the Mark VII
method extend to a very low frequency (1 Hz), and
thus they are appropriate for sonic booms that contain signi cant low frequency energy. The calculation procedure for loudness level assumes that the
noise signal has been measured in one-third octave
bands. The sound pressure levels in each band are
converted into a perceived value (in sones) and then
totaled according to a summation rule. The total is
then converted into a calculated Perceived Level by
means of the power function relating perceived magnitude to sound pressure. A doubling of loudness in
sones is accomplished by raising the signal level by
9 dB.
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The spectrum of a one-third octave band sound
pressure level is required as input to the loudness calculation procedure. This spectrum can be obtained
from the spectral density formulations and procedure
presented previously, or, for other sonic boom shapes,
it can be calculated by using widely available Fast
Fourier Transform computer routines.

Loudness of Sonic Booms
Loudness of N-Waves

Calculated loudness results are presented for a
range of those parameters that can be used to describe an N-wave. In particular, the range of values
of overpressure and rise time were selected to encompass values likely to be encountered in practice.
The duration of sonic boom signatures associated with any supersonic transport airplane (200{
400 msec) will be much longer than the auditory critical time. Under these conditions, calculated loudness
is independent of the total duration of the signature.
The relationship of loudness level with both peak
overpressure and rise time is illustrated in gure 6 for
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Figure 7. Noise reduction for typical residential structures.
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Figure 8. Loudness level of N-waves for indoor listening conditions and with windows open.
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Figure 6. Loudness level of N-waves for outdoor listening
conditions.

a range of N-wave sonic booms, each with a total
duration of 350 msec. Loudness level increases approximately 7 dB per doubling of overpressure and
decreases with increasing rise time. This latter observation re ects the relationship between the rise
time and the high-frequency content of the sonic
boom illustrated in gure 2. A change in loudness
level of 9 dB represents a halving, or doubling, of
loudness. These observations regarding the loudness of N-wave sonic booms have generally been conrmed by several experimental investigations (e.g.,
refs. 11{14).
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Estimates were made of the loudness of sonic
booms as they would be heard indoors, based on measured noise reduction provided by typical dwellings.
The curves of noise reduction presented in gure 7
were derived from measured data (refs. 15 and 16)
for a range of houses, both with windows open and
closed. These noise reduction values were applied to
the sonic boom spectra before the loudness calculation was performed. Figures 8 and 9 illustrate the
relationship of indoor loudness level with both overpressure and rise time of N-wave sonic booms. In
these gures the overpressure and rise time are characteristics of the N-wave incident on the structure.
The trends are very similar to those obtained outdoors, with the loudness levels approximately 10 dB
lower with windows open and 20 dB lower with windows closed. This assessment of indoor levels obviously makes no attempt to include the e ects of
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Figure 9. Loudness level of N-waves for indoors and windows
closed.
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signature shown in g. 3(b)), the loudness level is independent of the secondary rise time and equal to the
loudness of an N-wave having the same overpressure
and rise time as the initial shock of the at-top signature. Reduced levels of the initial shock amplitude
lead to substantially reduced loudness, particularly
for large values of the secondary rise time. This observation was con rmed in an experimental investigation conducted by Niedzwiecki and Ribner (ref. 17),
which is the only study to incorporate shaped sonic
booms.
The noise reduction values in gure 7 were used
to calculate indoor loudness levels for the same range
of shaped booms as described previously. Figures 11
and 12 show the results for the conditions of windows
open and windows closed, respectively. The loudness
level of the at-top signatures is independent of the
secondary rise time, as was noted for outdoor loudness. The e ect of a reduced initial shock amplitude
is also very similar to that observed for the outdoor
case.
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Figure 10. Loudness level of shaped booms for outdoor listening conditions with peak overpressure of 50 N/m2 and
initial rise time of 2 msec.

structural vibrations or secondary acoustic radiation
due to vibration-induced rattling of objects.

Loudness of Shaped Booms

As was previously noted for N-waves, the duration of a shaped boom has no e ect on the loudness
level for the range of interest (200{400 msec). For illustrative purposes the range of shaped sonic booms
is constrained such that the peak overpressure (B in
g. 3(a)) is xed at 50 N/m2 , the initial rise time
(T3 , T2 in g. 3(a)) is xed at 2 msec, and the total duration is xed at 350 msec. Figure 10 presents
outdoor loudness levels for a range of values of the initial shock amplitude and secondary rise time (A and
T2 , T1 , in g. 3(a)). For the case of A = B (a at-top
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Figure 11. Loudness level of shaped booms for indoor listening conditions and with windows open.

The example loudness calculations described previously were for a constant value of initial rise time
(2 msec). The range of practical interest for this
parameter is approximately 1{8 msec. Figure 13
shows outdoor loudness levels for a range of shaped
booms for which the initial rise time is 8 msec. All
other parameters remain the same. The same trends
that were evident in the previous cases can be observed here. The at-top signature is equivalent to an
N-wave having the same characteristics as the initial
shock. The curves for lower initial shock amplitudes
also exhibit a reduced loudness level for increasing
values of secondary rise time. However, compared
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Figure 13. Loudness level of shaped booms for outdoor listening conditions with peak overpressure of 50 N/m2 and
initial rise time of 8 msec.
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with the previous case, the rate at which loudness
level decays with increasing secondary rise time is
reduced. For small values of the initial shock amplitude and for values of the secondary rise time smaller
than those of the initial rise time, gure 13 indicates
that the loudness of the shaped boom exceeds the
loudness of the at-top signature. This di erence is
due to the loudness contribution of the second segment exceeding the loudness contribution of the initial shock.
A procedure for the calculation of the loudness
of sonic booms has been described. This procedure
was applied to a range of sonic booms, both classical N-waves and shaped booms, that might be of
practical interest for a supersonic transport airplane.
It was concluded that the loudness of N-wave sonic
booms is controlled by rise time and overpressure.
The loudness of shaped booms is highly dependent on
the characteristics of the initial shock. A comparison
of the results of calculations for N-waves and shaped
booms indicates that shaped booms may have significantly reduced loudness relative to N-waves having
the same peak overpressure. This was found for both
indoor and outdoor listening conditions. This result
implies that a supersonic transport designed to yield
minimized sonic booms may be substantially more
acceptable than an unconstrained design. Clearly,
other studies involving many other aspects of sonic
boom impact are required before the issue of overland
supersonic ight can be resolved.
NASA Langley Research Center
Hampton, VA 23665-5225
October 24, 1991

Appendix
Calculation of Other Sonic Boom Impact
Metrics

It has been proposed (ref. 2) that the assessment
of high-energy impulsive sounds, such as a sonic
boom, artillery ring, and quarry blasts, should be
based on the use of a C-weighted sound exposure
level to describe single impulsive sounds and on
the use of a day-night average C-weighted level to
describe the cumulative e ect of such sounds. The
sound exposure level is the level (in decibels) of the
time integral of squared, weighted sound pressure
over a given time period or event, with reference
to the square of the standard reference pressure
(2  10,5 N/m2) and a reference duration of 1 sec.
The calculation of the C-weighted sound exposure
level can be obtained by using the energy spectral
density formulations presented previously corrected
for the C-weighting function. A useful expression
for the C-weighting WC as a function of frequency f
(given in Hertz) is
 2
1:00715 ff1
WC (f ) =   2    2
1 + ff1
1 + ff2
where f1 = 20.598997 Hz and f2 = 12194.22 Hz.

The weighting in decibels to be added to the
energy spectral density values is given by 20 log
WC . The frequency-weighted energy spectral density
should then be integrated over all frequencies by using equation (3). It should be noted that this calculation does not include corrections for the auditory
critical time and the double boom because the sound
exposure level has a reference duration of 1 sec.
The most common method for the assessment of
environmental noises is by means of the day-night
average A-weighted sound pressure level. The appropriate measure for a single event is A-weighted
sound exposure level. The calculation of this quantity parallels the C-weighted sound exposure level,
except that the A-weighting is used which can be
conveniently computed (ref. 18) by using

WA (! ) =

Cs4
6
Q
(s + 2pi)

i=1

where C = 7:397234  109, p1;2 = 20:6, p3 = 107.7,
p4 = 737.9, p5;6 =12 200, and s is the complex
frequency i! . The weighting in decibels to be added
to the energy spectral density values is 20 log WA .
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