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Abstract. Sparsified Randomization Monte Carlo (SRMC) algorithms
for solving systems of linear algebraic equations introduced in our pre-
vious paper [34] are discussed here in a broader context. In particular,
I present new randomized solvers for large systems of linear equations,
randomized singular value (SVD) decomposition for large matrices and
their use for solving inverse problems, and stochastic simulation of ran-
dom fields. Stochastic projection methods, which I call here ”random
row action” algorithms, are extended to problems which involve systems
of equations and constrains in the form of systems of linear inequalities.

1 Introduction

The use of Monte Carlo methods for solving large systems of linear equations
is intimately tied the Neumann-Ulam scheme, e.g., see [15], [16], [20], [37], [31],
[32], [5], [6], [7]. It can be interpreted as follows: (1) first, take the representation
of the solution in a form of the Neumann series, then, (2) represent the solution
(one component of the vector, in the case of a system of algebraic equations
x = Ax + b) as an expectation over some Markov chain associated in a sense
to the matrix A, (3) the expectation is then calculated by taking an ensemble
average (numerically, the arithmetic mean) of a random estimator defined on
the constructed Markov chains.

The nice feature of this method has always its parsimonious memory usage:
the method takes almost no memory, independent of the size of the matrix. How-
ever a serious drawback is its weak convergence: the error decreases as O(N−1/2)
where N is the number of independent samples of the Markov chains. Quasi-
Monte Carlo methods may sometimes improve the rate of convergence, however
in practice the improvement is often too small.

Nowadays, there has been dramatic progress in solving the storage
problem, and it is natural to involve other stochastic ideas beyond the von
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Neumann-Ulam-Markov chain paradigm. As an example, we mention conven-
tional deterministic iteration methods where however the weights are chosen
at random (e.g., see [42], [36]). Another important example is the projection
method where one takes projections onto randomly sampled subspaces (e.g., see
[41], [33]). Sampling from random subspaces is the main idea also in the random-
ized singular value decomposition technique (e.g., see [18], [10]-[12]). A general
idea behind these methods appeals to the fundamental result of Johnson and
Lindenstrauss [21] which says that any n point subset of Euclidean space can
be embedded in k = O(log{n}/ε2) dimensions without distorting the distances
between any pair of points by more than a factor of (1 ± ε), for any 0 < ε < 1.
So the result of Johnson and Lindenstrauss asserts that any set of n points in
d-dimensional Euclidean space can be embedded into k-dimensional Euclidean
space where k is logarithmic in n and independent of d so that all pairwise
distances are maintained within an arbitrarily small factor. The linear transfor-
mation can be done by a random matrix whose entries are independent standard
Gaussian random variables.

This transformation was essentially simplified in [1] by showing that this
matrix can be changed with a matrix whose entries rij are independent dis-
crete random variables with the distribution P (±1) = 1/6, P (0) = 1/3 which
greatly sparsifies the matrix. More precisely, Achlioptas’ Theorem is formulated
as follows.

Suppose that A is an n × d matrix of n points in IRd. Fix constants ε, β > 0,
and choose an integer k such that

k ≥ 4 + 2β

ε2 − ε3/3
log n .

Suppose that R is a random k × d matrix with entries rij belonging to the
distribution

rij =
√

3

⎧
⎨

⎩

+1 p=1/6
0 p=2/3
−1 p=1/6 ,

(1)

Define the n×k matrix Q = 1√
k
AR, which is considered as a projection of A onto

a k-dimensional subspace. For any row u in A, let f(u) be the corresponding row
in Q. Then, for any distinct rows u,v of A, we have

(1 − ε)||u − v||2 ≤ ||f(u) − f(v)||2 ≤ (1 + ε)||u− v||2

with probability at least 1 − n−β.

In [2], the authors suggested a low-distortion embedding of Ld
2 into L

O(log n)
p

(p = 1, 2), called the Fast-Johnson-Lindenstrauss- Transform (FJLT). The FJLT
is faster than standard random projections and just as easy to implement. It is
based upon the preconditioning of a sparse projection matrix with a randomized
Fourier transform.

In all this methods we deal with conventional numerical methods, but
introduce some randomness to improve the convergence and more, to turn to
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very high dimensions which can not be treated pure deterministically. So for
instance, it is well known that the computational cost of a full SVD for large
matrices is rapidly increasing with the matrix dimension. The randomized SVD
solves this problem by a random sampling of small size submatrices for which
the SVD is computed. In the case of projection methods, one projects the points
only to a random set of subspaces. This type of methods treats the dimension
problem in a non-trivial manner. But the main advantage of these methods is in
their convergence rate: it is dramatically increased compared to the conventional
Monte Carlo methods, and is actually comparable with the best deterministic
methods.

The computational cost of most simulation algorithms in dimension m is
increasing exponentially in m. Note that even simply accessing a vector in di-
mension m requires Nm operations, where N is the number of entries in each
direction. This complexity growth is often mentioned as Curse of Dimensionality
[4]. Given an equation in m dimensions, one can try to approximate its solution
u(x1, . . . , xm) by a separable function, say, as u(x1, . . . , xm) ≈ f1(x1) . . . fm(xm),
hence, radically reducing the complexity to a linear function of m. More gener-
ally, a separation representation is defined as [4]

u(x1, . . . , xm) =
s∑

i=1

λif
(i)
1 (x1) . . . f (i)

m (xm) + O(ε) .

Setting an accuracy goal ε first, and then adapting {λi}, {fi(xi)} and s to achieve
this goal with minimal separation rank s is the idea behind many algorithms
based on the separation representation approach.

In Monte Carlo methods, one often has to deal with very large dimensions, in
problems like the integration, solution of integral equations, PDEs, simulation
of random fields, etc. It is customary to think that the Monte Carlo methods
are able to resolve problems for very high dimensions, however it is true only
under the following conditions: (1) the variance of the MC estimator is small,
(2) the desired accuracy is not high, (3) the complexity of construction of the
random estimator is a slow function of the dimension m. Condition (3) can
be often satisfied, however the conditions (1) and (2) are the main concern,
because the convergence rate of MC methods is slow, scaling as σ/

√
M where

σ is the standard deviation, and M is the sample size. Therefore, any approach,
method or algorithm capable to influence one of the above three conditions is of
great interest in Monte Carlo methods. In particular, one often says, in a very
general sense, that a variance reduction is developed when certain deterministic
transformations lead to transformed random estimator with smaller variance.
The dimension is of less concern, though the dimension reduction is desirable in
relation, again, with the variance reduction. For instance, the variance is reduced
if an exact (or an efficient deterministic) integration over a part of variables is
possible.

In linear algebra, a fundamental approach to separation representations for
matrices is based on SVD [19], see also an excellent tutorial presentation [38]. The
literature on the numerical construction of SVD is vast, we mention only some
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of them, e.g., [19], [24], [26], [29], [40], [44]. Recently, different matrix operations
like matrix multiplication and SVD for large matrices based on randomization
idea has been suggested in different papers, for different application fields, e.g.,
see [18], [8], [9], [10], [11], [12], [34], [13], [23], [4], [44], [25].

Where can these computational techniques be employed ? Essentially in all
fields where computation is extensively used, especially when dealing with very
high dimensions, such as with high-dimensional PDEs, integral equations of the
3D potential theory, inverse problems of tomography and crystallography, solv-
ing the Schrödinger equation, turbulence simulations. These techniques prove
useful not only in the computational mathematics, but also problems from in-
formation retrieval and Web analysis, such as Google PageRank problem and
latent semantic indexing, have strongly motivated the research in the field of
design and analysis of linear algebra algorithms involving massive data sets.
The list of applications can be easily extended by Data clustering, information
retrieval, property testing of graphs, image processing, among others.

2 Sparsified Randomization Algorithms for Linear
Systems

Let us consider a system of liner algebraic equations with a n × n matrix A,

x = Ax + b, (2)

x = (x1, . . . , xn)T , b = (b1, . . . , bn)T ∈ Rn, and A = {Aij}n
i,j=1, where T stands

for the transpose operation, and n is supposed to be large enough.
For simplicity, we assume that the spectral radius of the matrix A is less

than unity, so that the solution of (2) can be calculated by the simple iteration
method

x(m+1) = Ax(m) + b; x(0) = b; m = 0, 1, 2, . . . . (3)

Generalizations to other iteration methods are presented in our paper [34].

Sampling of Columns without Replacement. Let G be an unbiased esti-
mator for the matrix A which is defined as a random matrix such that E G = A,
and let G(0), G(1), . . . , G(M−1) be a sequence of independent samples chosen
from the random estimator G. The iterative procedure is defined by

ξ(m+1) = G(m)ξ(m) + b, m = 0, 1, . . . , M − 1 (4)

where ξ(0) = b. Since G(m), m = 0, 1, . . . are all independent of each other, we
get from (4) that Eξ(M) = x(M).

Let us consider the particular case when G is chosen as a sparse matrix.
We will construct the matrix G column-wise: fix an arbitrary integer l which
is much less than n, and choose a random set J of l integers uniformly from 1
to n without replacement, that is, we choose j1 as an integer uniformly among
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1, 2, . . . , n, then, j2 uniformly among the rest of n − 1 integers, etc., the last
being jl, and define the entries of G by

Gik =
{

n
l Aik for k ∈ J
0 else

for i = 1, 2, . . . , n.
Thus, the random matrix G has exactly l nonzero columns of the matrix A,

and obviously that for any i, k we have

EGik = Gik P{k ∈ J} = Aik.

Note that for calculation of the components of the vector ξ(m+1) we need only
l components of the vector ξ(m) and in order to calculate them we need only l
components of ξ(m−1), and so on. Consequently, we need l2 operations in every
step. For approximation of x(M) we need NMl2 operations, where N is the
necessary statistics and M is the length of the cut-off of the Neumann series.

Non-uniform Sampling of Columns with Replacement. Let us present
a different version of the sparsification algorithm, where the random choice of
columns is not uniform, but it is carried out as a sampling with replacement. In
addition, for generality, we describe the evaluation of AB where B is a vector
or a matrix.

Starting with the remark that a product of two matrices, A and B, can be
represented as follows, AB =

∑n
τ=1 A(τ)B

(τ) where we use the notation A(τ) for
the τ -th column of A, and B(τ) for the τ -th row of B we come to the randomized
calculation of AB.

Let us choose a probability distribution p1, p2, . . . , pn for sampling from the
indices 1, 2, . . . , n. The randomized evaluation of the product AB is formulated
as follows:

1. For τ = 1 to l we sample independently a random number iτ in (1, . . . , n)
according to the probability distribution Prob(iτ = k) = pk, k = 1, . . . , n

- a column of S is chosen as A(iτ )/
√

l piτ , and the relevant row in the matrix
R is taken as B(iτ )/

√
l piτ .

2. The unbiased estimator for AB is the matrix SR.

The estimator SR is obviously unbiased: E
[
(SR)ij

]
=(AB)ij , i, j = 1, . . . , n.

A criterion for the best choice of the distribution {pk} can be of course dif-
ferent. It is convenient to use the mean error in the Frobenius norm, so we have
to minimize the quantity E

[||AB − SR||2F
]
.

It can be shown (see [34]) that the choice

pk =
|A(k)| |B(k)|

∑n
k=1 |A(k)| |B(k)| (5)
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minimizes the variance of the error which takes in this case the form:

E
[||AB − SR||2F

]
=

1
l

( n∑

k=1

|A(k)| |B(k)|
)2

− 1
l
||AB||2F . (6)

In conclusion we summarize that in the Sparsified Algorithm we have the follow-
ing input parameters: n, the size of the matrix A, m, the number of iterations,
and l, the size of the sampled submatrices which characterizes how sparse the
random matrices in the randomization algorithm are.

3 SVD and Randomized Versions

3.1 SVD Background

Let A be a rectangular m × n matrix with m rows and n columns, having rank
r. From the fundamental theorem of linear algebra we know (e.g., see [38]) that
the matrix can be represented as a sum of r matrices of rank 1:

A =
r∑

i=1

σi u(i)v(i)T (7)

where σ1 ≥ σ2 ≥ . . . ≥ σr are the singular values, and u(i) ∈ IRm, v(i) ∈ IRn,
i = 1, . . . , r are its left and right singular column-vectors, respectively. The
families {u(i)}, {v(i)} are orthogonal sets of vectors: u(i)T · u(j) = δij , and the
same for {v(i)}.

In matrix form, the SVD representation (7) reads:

A = UΣV T (8)

where U and V are orthonormal matrices with left and right singular vectors of
A, respectively, and Σ is a diagonal matrix: Σ = diag(σ1, . . . , σr).

Recall that UT U = Ir×r and V T V = In×n. The Frobenius norm ||A||F and
the spectral norm ||A||2 are defined by

||A||F =
( ∑

ij

a2
ij

)1/2

, ||A||2 = max
|x|2=1

|Ax|2 = σ1 . (9)

The following fundamental result is well known from linear algebra as the
Eckhart-Young theorem [14]. If we are interested in the best approximation (in
the norms || · ||F and || · ||2) of A among all matrices D of rank k, then the so-
lution is Ak =

∑k
i=1 σiu

(i)(v(i))T , i.e., for all k rank matrices D, ||A − Ak||2 ≤
||A−D||2, ||A−Ak||F ≤ ||A−D||F . The matrix Ak admits the representation:

Ak = UkΣkV T
k = AVkV T

k = UkUT
k A
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where Uk, Vk are submatrices of U and V which contain only the top left and
right singular vectors, respectively.

A matrix A has a good rank k approximation if ||A−Ak|| is small in Frobenius
and 2-norms. To estimate the errors, one may use the well known equalities:

||A − Ak||F =
( r∑

i=k+1

σ2
i (A)

)1/2

, ||A − Ak||2 = σk+1(A) .

3.2 Randomized SVD Algorithm

So let us assume that the matrix A is large enough, and we want to construct a
randomized approximation of the first k right singular values and corresponding
right singular vectors. The idea behind many versions of randomized algorithms
for SVD is to sample randomly s rows of A, then to form an s× s matrix S and
compute its right singular vectors. Let us give the following version presented in
[10].

Let us choose a discrete probability distribution p1, . . . , pm for sampling from
the rows A(1), . . . , A(m) of A:

∑m
i=1 pi = 1.

Randomized SVD Algorithm
0. Fix an integer s such that s is much larger than k, where ε is an error measure,
but s ≤ m.
1. for j = 1 to s do:
sample a random index {1, . . . , m} of the row of A according to the probability
distribution {pj}m

j=1 , and include A(j)/
√

spj as a row of S,
2. Compute S ST and its SVD:

S ST =
s∑

j=1

λ2
jw

(j)w(j)T

3. Compute h(j) = ST w(j)/|ST w(j)| for j = 1, . . . , k. Construct Hk as a matrix
whose columns are the h(j), and λ1, . . . λk are our approximations to the first
k singular values of A. Thus we get a rank (at most) k approximation to A is
AHkHT

k .

Note that we could turn to sample columns of A instead of rows, and compute
approximations of the left singular vectors, then, Hk were a matrix RRT A where
R is a m×k matrix containing approximations to the top k left singular vectors.

Let us give the error estimators presented in [12].
Assume that we construct a k rank approximation AHkHT

k to our matrix
A by the above algorithm where the sampling of s random rows is carried out
according to a probability distribution {pi}m

i=1 satisfying the condition pi ≥
β|A(i)|2/||A||2F for some positive β ≤ 1, and let ε > 0. If s ≥ 4k/βε2 then the
following estimation of the mean is true

E
[
||A − AHkHT

k ||2F
]
≤ ||A − Ak||2F + ε||A||2F . (10)
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Error estimation in probability is also possible. Let η = 1 +
√

8 log(1/δ)/β. If
s ≥ 4kη2/βε2 then with probability at least 1 − δ

||A − AHkHT
k ||2F ≤ ||A − Ak||2F + ε||A||2F . (11)

The same estimations in the spectral norm hold also true, with omitting the
factor k in the conditions s ≥ 4k/βε2 and s ≥ 4kη2/βε2.

From the description of the above algorithm it is clear that the steps 1 and
2 are crucial for the efficiency of the method. In the step 1, we could of course
use the uniform sampling which means, one call of the RAND generator will be
used only, not depending on the dimension n. However this would work well only
if the ”weights” of the rows, |A(i)| are more or less equal for all i = 1, . . . , n.
Generally, according to the estimates (10), (11), it is reasonable to sample the
rows according to the probability distribution pi = β|A(i)|2/||A||2F . In [8], the
authors suggest to use the conventional sampling algorithm which needs about
n log n operations. But we can use Walker’s algorithm [43] (see the Fortran code
in our recent paper [34]) which even in the general case needs only one call
to RAND generator, not depending on the dimension of the matrix. Out of
the loop, we need only a preparation of two additional arrays of dimension n
which are calculated in O(n) operations. This method works of course if we use
the sampling of rows with replacement which is always the case since we deal
with matrices of large dimension. Thus this sampling algorithm is practically
equivalent in efficiency to the uniform sampling of rows !

4 Simulation of Random Fields Based on the
Karhunen-Loève Expansion

Let us now consider a real-valued inhomogeneous random field u(x), x ∈ G
defined on a probability space (Ω, A, P ) and indexed on a bounded domain G.

Assume (without loss of generality) that the field has a zero mean and a
variance E u2(x) that is bounded for all x ∈ G. The Karhunen-Loève expansion
has the form

u(x) =
∞∑

k=1

√
λk ξk hk(x) , (12)

where λk and hk(x) are the eigen-values and eigen-functions of the covariance
function B(x1, x2) = 〈u(x1)u(x2)〉, and ξk is a family of random variables.

Thus λk and hk(x) are the eigen-values and eigen-functions are the solutions
of the following eigen-value problem for the correlation operator:

∫

G

B(x1, x2)hk(x1) dx1 = λk hk(x2) . (13)

The eigen-functions form a complete orthogonal set
∫

G

hi(x)hj(x) dx = δij where

δij is the Kronecker delta-function. The family {ξk} is a set of uncorrelated
random variables which are obviously related to hk by
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ξk =
1√
λk

∫

G

u(x)hk(x) dx , E ξk = 0, Eξi ξj = δij . (14)

It is well known that the Karhunen-Loève expansion presents an optimal (in the
mean square sense) convergence for any distribution of u(x). If u(x) is a zero
mean Gaussian random field, then {ξk} is a family of standard Gaussian ran-
dom variables. Some generalizations to non-gaussian random fields are reported
in [27].

4.1 Discrete Approximation of the Karhunen Loève Expansion

Exact solution of the eigen-value problem (13) can be obtained only for some
simple cases, but generally, one has to solve it numerically, using quadrature-
based methods, e.g., the Nyström method [3].

Assume for simplicity the random process u(x) is defined on a bounded inter-
val G = [ a, b ], and xi, i = 1, . . . , n are points of a subdivision of this interval,
and we are seeking for a discrete approximation v ≈ u(x) where the component
vj of the vector v approximates the value u(xj), j = 1, . . . , n.

Then the covariance n × n matrix Bv = 〈v vT 〉 of the vector v should ap-
proximate the given correlation function B(xi, xj) in the sense that (Bv)ij ≈
B(xi, xj). This implies that the continuous eigenvalue problem (13) is approxi-
mated by the eigenvalue problem for the correlation matrix Bv:

Bvgk = λk gk (15)

where λk are the eigenvalues, and gk the relevant eigenvectors. Since Bv is sym-
metric and positive definite, all eigenvalues λ1, . . . , λn are non-negative, and the
spectral representation for the matrix Bv reads

Bv =
n∑

k=1

λkgkgT
k .

This leads us to the discrete K-L expansion of the random vector v:

v =
n∑

k=1

√
λk ξk gk

where {ξk}k=1,...n is a sequence of independent standard Gaussian random
variables.

So what remains here, is to solve the eigenvalue problem (15). If the dimension
of Bh is not large, one may use standard numerical methods, e.g., the Lanczos
algorithm. However to approximate random fields with high accuracy, one needs
to take a subdivision which is fine enough, so the matrix Bv can be of very large
size. Then, we can use the randomized low rank approximation method described
in section 2.2. It should be noted that the method can be very efficient if the
matrix Bv admits a good low rank approximation which is in many practical
cases true when the correlation is not too long-ranged.
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Lorenzian Random Field. In [34], we have presented the following results of
simulation obtained by the randomized SVD based algorithm described.

Let us consider the following example [30] where we have considered the
following random boundary value problem: in the upper half-plane G = {(x, y) :
y ≥ 0}, find a solution to the Laplace equation Δu(x, y) = 0 with the boundary
conditions u|y=0 = g(x) where g(x) is a Gaussian zero mean white noise. We
have constructed the solution explicitly, which says that the solution u(x, y)
is a partially homogeneous (i.e., homogeneous with respect to the longitudinal
coordinate x) Gaussian random field which is uniquely defined by its correlations
at two pints (x1, y1), (x2, y2), and the correlation function has the following
Lorenzian form

B(x1, y1; x2, y2) = 〈u(x1, y1)u(x2, y2)〉 =
1
π

y1 + y2

(y1 + y2)2 + (x1 − x2)2
. (16)

Thus the random process u(x, y) is inhomogeneous in transverse direction. In
[30], we have found an explicit K-L expansion of this solution, so it was used
to validate our randomized SVD based algorithm. The solution u(x, y) on a
rectangular G with a grid with 500×500 nodes was simulated, and the rank k =
20 approximation was already enough to calculate the solution with 1%-accuracy.
The number of randomly sampled rows in the randomized SVD algorithm was
s = 200. The reason why the rank k = 20 was enough is in the relative rapid
decrease of the correlations. In the next example we deal with a long-range
correlation function of the fractional Wiener process.

Fractional Wiener Process. Let us consider the fractional Wiener process
WH(t) of index H , H ∈ (0, 1) (Hurst parameter) which is defined as a centered
Gaussian inhomogeneous random process on [0, 1] with the following correlation
function

BH(s, t) = E[WH(s)WH(t)] =
1
2

(
s2H + t2H − |t − s|2H

)
.

Simulation results for the fractional Wiener process on the interval [0, 2.5] with
the Hurst constant H = 0.3 are presented in [35], the randomized SVD algorithm
with k = 80 rank approximation was constructed by sampling 160 random rows,
in the 240 × 240 correlation matrix.

5 Solution of Integral Equations

5.1 Singular Approximations

The low rank approximation can be used to transform the original integral equa-
tion to an equivalent integral equation with a new kernel whose properties are
better in certain sense. For instance, in [31], Sect. 2.2 we present a singular
approximations based method where the norm of the new kernel of the trans-
formed equations is less than 1. This can be achieved by the randomized SVD
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with very low rank approximations. Let us present the method for a system of
linear algebraic equations, for details of numerical simulation see [35].

Thus we consider a large system of linear equations with an m × m matrix
and right-hand side vector b = (b1, . . . , bm)T , and it is assumed that ||A|| ≥ 1,
hence the Neumann series diverges. We introduce a matrix

B = A −
r∑

i=1

αiβ
T
i (17)

where α1, . . . , αm and β1, . . . , βm are arbitrary column-vectors, i.e., the matrix
B is obtained by substraction from A a sum of singular matrices of the form
αiβ

T
i . Suppose such matrices are found, and we are interested in the relation

between the solution x and the solution of the equation with the matrix B.
Consider r + 1 auxiliary linear systems with the matrix B for different right-

hand sides:

x0 = Bx0 + b, x1 = Bx1 + α1, . . . . . . xr = Bxr + αr . (18)

Then

x = x0 +
r∑

i=1

Jixi (19)

where J1, . . . , Jr are components of the vector J which satisfies the equation
J = TJ + t where T is the matrix with entries Tij = βT

i xj , i, j = 1, . . . r, and t
is a vector with components ti = βT

i x0, i = 1, . . . , r.
Practical implementation of this method has a sense if for small value of r we

can find the expansion (17) with qB = ||B|| < 1. Note that the randomized SVD
algorithm suggests such a solution, and we can try, step by step, to increase the
number of terms till the condition qB = ||B|| < 1 is satisfied. For example, in
the boundary integral equation formulation of the Laplace equation for a convex
domain one may take r = 1 (e.g., see [17]). For non-convex domains, r can be
chosen quite small, as our calculations presented in the next section show. This
is true for quite general singular kernels of the potential theory which appear in
the relevant boundary integral equations, see, e.g., [25], [28], [29].

5.2 Inconsistent Systems, Linear Least Squares, and Ill-Posed
Problems

The general formulation of a linear least squares problem is the following: we
have a set of vectors which we wish to combine linearly to provide the best
possible approximation to a given vector. If the set of vectors is {a1, a2, . . . , an}
and the given vector is b, we seek coefficients x1, x2, . . . , xn which produce a
minimal error

∣
∣b − ∑n

i=1 xiai

∣
∣.

We have to choose the vector x so as to minimize |Ax− b|. Let the SVD of A
be UΣV T (where U and V are square orthogonal matrices, and Σ is rectangular
with the same dimensions as A). Then we have

Ax − b = UΣV T x − b = U(ΣV T x) − U(UT b) = U(Σy − c) (20)
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where y = V T x and c = UT b. Note that U is an orthogonal matrix, and so
preserves lengths, i.e., |U(Σy − c)| = |Σy − c|, and hence |Ax − b| = |Σy − c|.
This suggests a method for solving the least squares problem. First, determine
the SVD of A and calculate c as the product of UT and b. Then, solve the least
squares problem for Σ and c, i.e., find a vector y so that |Σy − c| is minimal
which is obviously trivial since Σ is diagonal. Now, y = V T x so we can determine
x as V y. That gives the solution vector x as well as the magnitude of the error,
|Σy − c|.

6 Random Row Action Iteration Process

We describe here a randomized version of the projection methods belonging
to the class of a ”row-action” methods which work well both for systems with
singular matrices and for overdetermined systems. These methods belong to a
type known as Projection on Convex Sets methods. Here we present a method
beyond the conventional Markov chain based Neumann–Ulam scheme. The main
idea is in a random choice of the row in the projection method so that in average,
the convergence is improved compared to the conventional periodic choice of the
rows. We extend this randomized method for solving linear systems coupled with
systems of linear inequalities.

The row action iteration process also known as the projection method suggested
first by Kaczmarz [22] can be proved to converge for any system of linear equations
with nonzero rows, even when it is singular and inconsistent and the arithmetic
operations required in an iteration of the method are comparatively few.

Let us consider a system of linear algebraic equations

Ax = b (21)

where A is a rectangular m × n matrix with m ≥ n, and b ∈ IRm, x ∈ IRn.
We further denote by ai the i-th row of A, and aT

i is the relevant column-
vector, the transpose of ai.

Our stochastic iterative process is written as follows

xk+1 = xk + ωk E
bν(i) − (aν(i) · xk)

||aν(i)||2 aT
ν(i) , k = 1, 2, . . . (22)

where ωk are some parameters (could be random), the expectation E is taken
over the distribution of random indices ν(i) whose values are sampled at random
among random subsets of indices lying in (1, 2, . . . , m). We show that the distri-
bution can be chosen so that the method converges with expected exponential
rate, not depending on the number of equations in the system. The solver does
not even need to know the whole system, but only some random rows of the
matrix, therefore, it is well suited for solving very large systems of linear alge-
braic equations. Moreover, this method can be used for solving systems of linear
equations coupled with systems of linear inequalities. Remarkably, the structure
of the algorithm remains practically the same. We note that an example of non-
uniform sampling of the random rows in the row action process was suggested
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in [39] which is quite costly, because it requires recalculation of the sampling
probabilities in each iteration process.

So assume we solve a coupled system of linear equations and inequalities

aT
i x ≤ bi i ∈ I≤, (23)

aT
i x = bi i ∈ I= . (24)

Let

γ
(i)
k =

{
[(ai · xk) − bi]+ if i ∈ I≤
(ai · xk) − bi if i ∈ I= ,

and write the iteration process in the form:

xk+1 = xk − γ
(ν(i))
k

||aν(i)||2 aT
ν(i) , k = 1, 2, . . . . (25)

It can be shown that this process is convergent, and

E
[
d2(xk+1, S)

] ≤
(
1 − 1

L2||A||2F
)

d2(xk, S) .

Here L is the Hoffmann constant defined by

d(x, Sb) ≤ L|| e(Ax − b)||
where Sb is the set of possible solutions of our systems, d(x, Sb) is the Euclidean
distance from x to the set Sb, and e(y) defines the error in the relevant line of
our system of equations and inequalities

e(y)i =
{

y+
i (i ∈ I≤)

yi (i ∈ I=)
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