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Abstract

We propose a new stochastic global optimization method by accelerating the simulated tempering scheme with rand
executed on a temperature ladder with various transition step sizes. By suitably choosing the length of the transition steps, t
accelerated scheme enables the search process to execute large jumps and escape entrapment in local minima, while retai
the capability to explore local details, whenever warranted. Our simulations confirm the expected improvements and s
the accelerated simulated tempering scheme has a much faster convergence to the target distribution than Geyer and T
simulated tempering algorithm and exhibits accuracy comparable to the simulated annealing method.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In a seminal paper, Metropolis et al.[1] proposed
the by now famous and widely used algorithm of si
ulating a Markov process to efficiently and accuratel
sample a target distributionπ(x) = Z−1e−h(x), where
h(x) refers to the energy function andZ denotes the
normalization constant. In the original version of t
algorithm, a new statey is generated from the curre
statex of the Markov process by drawingy from a
symmetric proposal transition functionq(x, y). Later,
Hastings[2] generalized the algorithm by extendin
q(x, y) to functions that are not necessarily symm
ric. Either case, the Metropolis–Hastings ratio is co
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puted by

r = π(y)q(y, x)

π(x)q(x, y)

and the new statey is accepted with probability
min(1, r). The central limit theorems for ergodic a
erages are valid for the Metropolis–Hastings meth
The convergence rate to the required expectation o
Metropolis–Hastings method isO(N−1/2), whereN

is the number of samples[21]. This convergence rat
is independent of the dimensionality of the proble
thereby avoiding in a certain sense the “curse of
mensionality” and yieldinga remarkably good perfor
mance in high-dimensional problems. As a result,
method has been adopted in many scientific com
ing applications, including biology[3], medical sci-
ence[10], chemistry, material sciences, computer s
ences, economics, and physics.
.
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One important application of the Metropolis–Ha
tings method is protein folding[11]. Proteins typically
adopt a single structure, corresponding to the glo
minimum of the free energy under physiologic
conditions. Levinthal showed that protein foldin
could not occur via a systematic enumeration of
possible configurations compatible with the very la
number of degree of freedom of the amino aci
which is popularly known as the “Levinthal parado
[12]. Various studies suggest that the energy landsc
in the protein folding problem generally resemble
“rough” funnel with local minima where the prote
can transiently reside. This motivates the use
Metropolis–Hastings based simulations to speed
the exploration of the conformational space of am
acid sequences, to identify the global minimum ene
configuration.

Theoretically, the Markov process defined by t
Metropolis–Hastings method converges to the ta
distribution for any trial transition functionq(x, y) > 0
and any starting point[15]. Nevertheless, in practice
the actual implementation of the Metropolis–Hastin
method is very sensitive to the length of the transit
steps. If the transition steps are too small, the Mar
process can be easily trapped into a deep local m
imum from where it cannot escape in practical tim
On the other hand, if the transition steps are too la
the acceptance rate tends to be low. More importan
long transition steps may ignore some “local deta
of π(x) and then lead to an incorrect equilibrium d
tribution. This quandary is referred to as the “wa
ing time dilemma”[4]. Unfortunately, in most real
life applications that resort to the Metropolis–Hastin
method, there are no general guidelines to select
appropriate length of the transition steps.

One approach to avoid the “waiting time dilem
ma” is the simulated annealing (SA) method[5].
This method is based on the fact that it is eas
for a system to escape from a local minimum e
ergy at a significantly higher temperature. Thus, wit
the SA scheme, the temperature is initially raised
a high value. The system evolves according to
Metropolis–Hastings criterion, while the temperatu
is very slowly reduced during the simulation proc
dure. However, unless the temperature is decre
impractically slowly, the Markov process may still b
trapped in another local minimum. This is almost c
tainly the case in multi-minima systems when the te
perature has reached a sufficiently low value. T
problem can be addressed by the recent cool w
ing (CW) method[19] which propagates two Marko
chains in tandem at both high and low temperatu
and generates jumps using SA. We note that like
Metropolis–Hastings method, the SA method or C
method are sensitive to the length of transition ste
Indeed, when the local minimum is too deep and/or
transition steps too small, even raising the tempera
to a high level might not be able to help the syst
escape from that local minimum.

Several methods have been proposed to deal
this drawback by adjusting the length of transiti
steps in the Markov process. The dynamic importan
weighting scheme[4] introduces weights into th
dynamic Monte Carlo process to allow the syst
to make large transitions, which would not be p
mitted by the standard Metropolis transition rul
This scheme yields good results for many optimi
tion problems. However, since the weight variable
creases as the Markov process evolves, the dyn
weighting scheme loses efficiency in a long chain[6].
Finally, the multiple-try Metropolis (MTM)[7] en-
ables a sampler to make large step-size jumps. In p
tice, MTM is still prone to be trapped by steep ene
minima.

2. Simulated tempering

In the 1990s, Marinari and Parisi[8] and, a few
years later, Geyer and Thompson[9] proposed the
simulated tempering (ST) algorithm which seemed
offer the key to a satisfactory solution. The new id
in ST is to treat the temperature,t , as an additiona
dynamic variable. As a result, in the ST scheme,
system is defined on an augmented spaceX × I ,
whereX is the original phase space andI denotes
the one-dimensional temperature space. By vary
the temperature ladderti , i = 1, . . . ,m, m stationary
distributionsπi(x) are constructed, whereπ1(x) =
π(x) and 1= t1 < t2 < · · · < tm. Then, a random walk
is performed on this temperature ladder.

We outline the ST algorithm as presented by Ge
and Thompson[9]:

(1) At the current temperature level,i, updatex using
a Metropolis–Hastings update forπi(x).
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Fig. 1. State diagram of Geyer and Thompson’s algorithmwith m temperature levels.
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(2) Set j = i ± 1 according to probabilitiespi,j ,
wherep1,2 = pm,m−1 = 1.0 andpi,i+1 = pi,i−1 =
0.5 if 1 < i < m.

(3) Calculate the equivalent of the Metropolis–Ha
tings ratio for the ST method,

rST = c(j)πj (x)pj,i

c(i)πi(x)pi,j

,

wherec(i) are tunable constants and accept
transition fromi to j with probability min(rST,1).
The distributionπ is called the pseudo-prior be
cause the functionci(x)πi(x) resembles formally
the product of likelihood and prior.

The equilibrium distribution of the ST Marko
chain is a joint distribution for the pair of variable
(x, i) ∈ X × I , wherex is a random realization o
the state variable andi is a random realization o
the “temperature” level. We note that unlike the S
method, where each time the temperature is chan
the system is driven out of equilibrium, the S
maintains the system in equilibrium. As suggested
Marinari and Parisi, it is as if instead of finding th
minimum of the energy, one finds the minimum
the free energy. This does not affect the final res
since for the interesting level, corresponding to
zero temperature the energy and free energy coinc
The ST method has been applied successfully to
simulations of random field Ising models[8] and
models of ancestral inference in the Hutterites[9].

Compared to the SA method, the ST meth
enables the system to escape from local minima
to locate multiple minima by allowing the system
move up and down the temperature ladder, accor
to the Metropolis–Hastings rule. The tradeoff here
that the system needs to spend more computati
time at high temperature levels.

In practice, the ST algorithm generates samp
much more slowly than the original Metropolis
Hastings method or the SA method. The reason
that, during an execution of the ST program,
l

Markov chain is frequently pacing up and dow
between the intermediate levels of the temperatur
ladder, which accounts for most of the computatio
time. However, what we are usually interested in
only those samples generated in level 1, with
coolest temperature.Fig. 1 shows the state diagra
of Geyer and Thompson’s algorithm withm different
temperature levels, where the transition probabili
from temperature level 1 to 2,p1,2, andm to m − 1,
pm,m−1, are 1 and all the other transition probabiliti
pi,i+1 andpi,i−1 are 0.5. In Geyer and Thompson
algorithm, based on the state diagram shown inFig. 1,
the probability that the system visits level 1 during t
evolution of the Markov process is roughly 1/2(m −
1), which indicates that the algorithm is approximat
2m − 1 times slower than a simple Metropolis
Hastings method. Also, for a particular system, if
inappropriate length of transition step is chosen,
ST algorithm may become ineffective.

A computationally efficient variant of ST is the pa
allel tempering (PT)[9,20] sampling scheme, whic
can be viewed as “multi-copy” ST. The difference
that the PT method hasm Markov chains, one at eac
temperature level, and randomly swaps a pair of wa
ers at neighboring temperatures. The PT method d
not need to evaluate the constantsc(i); however, as a
tradeoff, PT has to keep track ofm Markov chains.
Provided that the constantsc(i) are computed appro
priately, the ST, PT, and ST methods should yi
equivalent behaviors. This reasonable expectatio
indeed supported by numerical simulations (see res
section).

3. Accelerated simulated tempering

Based on the analysis of Geyer and Thompso
algorithm, we propose a new idea embodied in th
complementary technical improvements to accelera
convergence to the target distribution. The inclus
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of these techniques into the ST algorithm resul
in an accelerated simulated tempering (AST) al
rithm that we will present next. Within the AST a
gorithm, the system continues to be in equilibriu
(like in the ST) and the detailed balance condition
the Markov process remains valid; hence, AST c
verges also to the target distribution. Moreover,
will show that the AST scheme is insensitive to t
length of the transition step and can provide an eff
tive solution for a wide variety of energy landscap
The three new, complementary techniques ideas
signed to accelerate the ST algorithm are discus
next.

3.1. Temperature ladder with various step sizes

In the ST scheme, the fundamental idea of bu
ing a temperature ladder with different levels is to
low the system to evolve, while ignoring different le
els of local complexity. The role of the higher-lev
temperature is to allow the system to escape fr
the current local minimum. As noted before, a long
transition step may help the system to escape f
such a local minimum more easily but may miss “
cal details.” However, since only samples at the lo
est level are relevant, “local details” at high tempe
ture can be overlooked without serious consequen
This suggestedthe idea of using different step siz
for different temperature levels. For lower tempera
tures, we use smaller transition steps, which ena
us to explore the “local details” of the system. On t
other hand, for higher temperatures, longer transitio
steps are appropriate, since they reduce the comp
tional time and render easier escape from local m
ima.

To implement this idea and accelerate converge
to the target distribution, we propose a random w
on amodified temperature ladder, with variable step
sizes. More precisely, we construct an alternative
.

-

der that combines temperature and step size,(ti, si ),
where 1= t1 < t2 < · · · < tm, ands1 < s2 < · · · < sm.

3.2. “Lean the ladder”

Since the main purpose of higher temperatures
enable the Markov process to escape from possibl
cal minima, one does not need during the simula
to visit these temperature levels too often. Indeed,
a given system, at high temperatures the sampler
counters bigger features, larger basins, and “roug
relief than it would at low temperatures. Thus, expl
ing the energy landscapes at high temperatures
not require as many walks as at low temperature
account for this reality we increase the number
walks at low temperatures and reduce their num
at high temperatures. As a result, in AST, welean
the temperature ladderby settingpi,i+1 < pi,i−1, i.e.,
by letting the system have higher probabilities to v
the lower temperatures. The“leaned temperature lad
der” is expected to improve the acceptance rate of
system by generating more walks at low temperatu
than at high temperatures.Fig. 2 shows the state dia
gram of ST on a leaned temperature ladder.

Then, the approximate probability that, at the e
of the process, the system finds itself at the low
temperature level is

π1 =
∏m−1

j=2 (1− pj,j+1)∑m−1
j=2

(∏j−1
s=2 ps,s+1

∏m−1
t=j pt,t+1

) .

We can actually control the probability of visiting ea
temperature level by manipulating the correspond
transition probabilities. We note that “leaning t
ladder” is accompanied by a suitable calculation
the constantsc(i), which ensures that the populatio
on each temperature level are compatible with
equilibrium requirements. The net effect of leani
the ladder is that, while maintaining the system
Fig. 2. State diagram of simulated tempering on a leaned temperature ladder:pi,i+1 < pi,i−1, i = 1, . . . ,m − 1.



278 Y. Li et al. / Physics Letters A 328 (2004) 274–283

re

izing

the

s,

ude
p-
by
les,

l
m,

od
to
of

lad-

or

re

ure
-

re

ST
er-
the

tem
rter
of
ture
lar
the
t

ng-
—
sy
lad-
qui-
two
ST
ra-
ra-

the
ys-
n-

fer-
ium
n of

ned
n-
ST
lly

al-
–
ew
equilibrium, the fundamental level becomes mo
favored.

3.3. Efficient constant evaluation

Like in the original ST algorithm, the constantsc(i)

are tunable and are usually selected as the normal
constants of the distributionsπi(x) [9]. The evaluation
of these normalizing constants is no easier than in
original problem of simulating fromπi(x) [16]. For-
tunately, neither in the ST nor in the AST algorithm
it is necessary to calculate the constantsc(i) with very
high accuracy. Therefore, we propose to adopt a cr
Monte Carlo method to obtain very fast, but good a
proximation of the normalizing constants. Indeed,
using a small number of independent random samp
ξ1, . . . , ξn, from a normal Gaussian distribution,G, the
constantsc(i) are approximately given by:

c(i) ≈ 1

n

n∑
k=1

πi(ξk)

G(ξk)
.

3.4. AST algorithm

We incorporated the newidea and three technica
improvements outlined above into the ST algorith
to obtain the following AST algorithm:

1. Initialization: use a crude Monte Carlo meth
with a few random samples (e.g., 10 000)
quickly evaluate a reasonable approximation
the integral

Zi =
+∞∫

−∞
πi(x) dx.

Estimate the constantsc(i) with c(i) = 1/Zi .
2. Simulated tempering on the new temperature

der with variable step sizes,(ti, si ):
2.1. At the current temperature level,i, update

x using a Metropolis–Hastings update f
πi(x), with stepsi .

2.2. Perform random walk on the temperatu
level.
2.2.1. Set the proposed next temperat

level,j = i±1, according to probabil
ities pi,j , wherep1,2 = pm,m−1 = 1
andpi,i+1 > pi,i−1, if 1 < i < m.
2.2.2. Calculate the ratio

rST = c(j)πj (x)pj,i

c(i)πi(x)pi,j

and accept the transition fromi to j

with probability min(rST,1).
2.3. Back to step 2.1, until all the samples a

generated.
2.4. Stop.

The main difference between the ST and the A
schemes is the random walk on the “double” temp
ature-ladder of transition steps as opposed to
“single” temperature ladder. This enables the sys
to jump across energy barriers in considerably sho
times. Equally importantly, due to the presence
transition steps of various lengths at each tempera
level, the AST algorithm is not sensitive to a particu
requirement of transition step length. This enables
algorithm to perform well for problems with differen
transition step specifications.

The basic idea of the ST method consists of cha
ing the temperature while remaining at equilibrium
which is in contrast with the SA method. It is ea
to show that the random walk on the temperature
der with various step sizes does not change the e
librium status of the system. Indeed, there are
types of transitions that may take place within the A
algorithm, namely, the transitions within a tempe
ture level and transitions between different tempe
ture levels. Due to the Metropolis–Hastings rule,
transitions within a temperature level maintain the s
tem in equilibrium, regardless of the length of the tra
sition step. We note that the transitions between dif
ent temperature levels do not change the equilibr
status of the system either, because the constructio
pseudo-prior in the ST scheme is specifically desig
to maintain the system at equilibrium when transitio
ing between different temperatures. Thus, the A
maintains the system in equilibrium and eventua
converges to the target distribution.

4. Results

We illustrate the performance of the new AST
gorithm by comparing it with the original Metropolis
Hastings, SA, ST, PT, and CW algorithms on a f



Y. Li et al. / Physics Letters A 328 (2004) 274–283 279

tly

ng
s:

al

rgy

to-
, in
de-
oms
rm
n

T,

ori-
ro-
r-

1.
to
ffi-

ape
ed

in-
ST
els,
lso
ra-
-
3.
ST

ven
1.
ith

cal
the
d
eir

ous
the
p
the
ow

not
.”
ture
y to

ter

SA,
ow
st

en-
nce
typical examples. Applications to larger scale, direc
applied problems will be published elsewhere[17].

4.1. Widely distributed minima

We tested the AST method using the followi
target distribution density function in 10 dimension

f = −0.6N(−6,1) − 0.1N(0,1) − 0.3N(5,1),

whereN(a,b2) generically denotes a 10-dimension
normalized standard distribution with meana and
standard deviationb in each of the ten variables,x =
(x1, x2, . . . , x10). The functionf has three “witch-hat”
minima that are widely distributed across the ene
landscape. The global minimum off is at−6 while 0
and 5 are two local minima. This function is a pro
type for energy landscapes occurring, for instance
biomolecular simulations, where the energy may
pend very sensitively on the distances between at
(e.g., the Van-der-Walls potential energy is of the fo
A/r12 − B/r6, wherer is distance between a give
pair of atoms and A and B are positive constants).

We applied the Metropolis–Hastings, SA, ST, P
CW, and AST algorithms to generate 107 random sam-
ples, respectively. Each computation starts at the
gin.Fig. 3shows the distribution of these samples p
jected on one dimension, compared to the actual ta
get distribution density off . The simple Metropolis–
Hastings algorithm is trapped at local minimum of
In the SA algorithm, the initial temperature is raised
be 100 with an annealing rate 0.99. Starting at a su
ciently high initial temperature, the system can esc
from the local minimum at 0, but then gets trapp
by the local minimum at 5 and misses the global m
imum. We implemented Geyer and Thompson’s
method using a temperature ladder with 10 lev
where the highest temperature level is 100. We a
implemented the CW sampling with the high tempe
ture level at 100, CW jump probability of 0.2, anneal
ing rate of 0.99, and CW complete probability of 0.0
In our experiments, both Geyer and Thompson’s
and CW methods missed the global minimum, e
though they can escape from the local minimum at

The proposed AST uses the same ladder w
various step sizes, which can find rapidly all the lo
minima and properly reconstitute the shape of
target distribution. The original PT method with fixe
transition step size is similar to the ST method. Th
similar behaviors are shown inFig. 4. However, if
PT uses a modified temperature ladder with vari
step sizes, then its behavior becomes similar to
ASTs. Fig. 4 also shows that PT with various ste
sizes at different temperature levels converges to
target distribution as AST does. Our experiments sh
that simply manipulating the temperature may
be sufficient to avoid the “waiting time dilemma
Strategy with larger step sizes at higher tempera
and smaller step sizes at lower temperatures is ke
escaping from deep local minima.

Also, in this experiment, AST yields a much bet
computational performance than the ST algorithm.Ta-
ble 1shows the performance comparison among
ST, PT, CW, and AST. Our experimental results sh
that AST method is quite effective, displaying fa
convergence to the stationary distribution. As m
tioned before, the reason for this good performa
Fig. 3. Comparison of simple Metropolis–Hastings method,SA, ST, CW and AST after generating 10 000 000 samples.
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Fig. 4. PT with various step sizes vs. PT with fixed step size at different temperature levels.

Table 1
Performance comparison of SA, CW, ST, PT, and AST1

# of
samples

Time (s)

Simulated annealing Cool-walking Simulated tempering Parallel tempering Accelerated
simulated tempering

107 302 12480 6746 7209 904
108 2946 113781 71532 76809 9002

1 All experiments have been performed ona DEC Alpha DS10 6/466 with 256M memory.
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ma
is that by using larger steps at high temperatures,
system can easily escape from one minimum into
other region of the energy landscape. The performa
of the AST in this experiment is much better than
original ST algorithm and much closer to the perf
mance of SA. Indeed, while the overall efficiency
the algorithms on a specific problem depends on
energy landscape, one can safely say thatin general,
SA has a faster computational speed compared to th
ST, but often gets trapped by a local minimum wh
its temperature is reduced to a certain level. On
other hand, ST has a much lower chance to be trap
by the local minimum. AST inherits this property, bu
at the same time, has a much better convergence
compared to ST. The CW jump is costly, which mak
the CW algorithm very time consuming. PT with va
ious step sizes at different temperature levels yie
computational results similar to AST’s. While PT do
not need to evaluate the normalization constants, it
to keep track though of the Markov chains at all te
perature level. AST has to compute the fast cons
evaluation at the beginning, which is a one time ov
head. After that, the sample producing speed is fa
than PT because it only needs to evolve with a sin
Markov chain.

4.2. Periodic energy landscape

Many real life systems have periodic energy lan
scapes, in which the minima are periodically distr
uted. An example of such system would be an
tended polymer chain, whereupon angle of rotat
around each bond energy of the whole chain g
through 3 local minima. As a result the energy lan
scape has at least 3N minima of approximately eq
depth.

In such a system, the simple Metropolis–Hastin
method or the SA methods are very sensitive to
step size.Figs. 5 and 6show the sampling of a
energy landscape with periodic minima using S
with different time steps. We also notice that t
SA method is very sensitive to the transition s
size. More precisely, upon using small time steps,
system is easily trapped in one of the local mini
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Fig. 5. Performance of the AST algorithm for a periodic energy landscape.

Fig. 6. Performance of the SA algorithm for a periodic energy landscape with small transition step size.
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(Fig. 5), while upon using larger time steps, t
system’s acceptance rate is low and the system
essentially unable to escape the local minimum w
the temperature is decreased below a certain low l
(Fig. 6). On the contrary, AST has a fast converge
in the periodic energy landscape (Fig. 7).

4.3. Funnel-like energy landscape

The energy landscape of protein folding rough
resembles a funnel, with hierarchically disposed lo
minima, where the protein can transiently reside[13,
14,18]. Within such an energy landscape, the sim
Metropolis–Hastings method or SA method can
extremely easily trapped in a local minimum.

In our experiment, we construct a target distrib
tion with a rough funnel shape.Fig. 8 shows that the
AST method converges fast to the target distributi
without getting trapped in a local minimum, in co
tradistinction, the SA algorithm is easily trapped,
illustrated inFig. 9.

5. Conclusions

We presented a new stochastic algorithm for glo
optimization, namely the Accelerated Simulated Te
pering (AST). This algorithm builds upon Geyer a
Thompson’s ST algorithm by incorporating a ne
idea and three complementary technical improvem
based thereupon. The new, quite natural idea is to
different types and numbers of transition steps at
ferent temperature levels. This idea is warranted
the fact that exploration at high temperatures co



282 Y. Li et al. / Physics Letters A 328 (2004) 274–283

ical
Fig. 7. Performance of the SA algorithm for a periodic energy landscape with a large transition step size.

Fig. 8. Performance of the AST algorithm for a funnel-like energy landscape with 107 samples.

Fig. 9. Performance of the SA algorithm for a rough funnel-like energy landscape with 107 samples (note the difference between the vert
scales inFigs. 8 and 9: the target distribution is the same in both figures).
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proceed fast, by ignoring local details, while at lo
temperatures a more accurate exploration is needed
which requires a larger number of shorter steps.
three technical improvements based on this idea
(i) the temperature ladder with various temperat
and transition steps; (ii) the leaned temperature lad
which, during the transitions, favors the lower te
peratures over the higher ones; and (iii) a fast rec
for computing the normalization constants. Our res
in the experiments show that simply manipulating
temperature may not be sufficient to avoid the “wa
ing time dilemma.” Strategy with larger step sizes
higher temperature and smaller step sizes at lo
temperatures is key to escaping from deep local m
ima. Employing the techniques of random walks e
cuted on a temperature ladder with various transi
step sizes, application of AST to a few typical exa
ples shows that the new algorithm consistently outp
forms the Metropolis–Hastings, SA, ST, PT, and C
algorithms.
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